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Today I’m going to talk about `quantum sheaf 
cohomology,’ an analogue of quantum cohomology that 

arises in (0,2) mirror symmetry.

As background, what’s (0,2) mirror symmetry?



Ex:  The quintic (deg 5) hypersurface in P4 
is mirror to

(res’n of) a deg 5 hypersurface in P4/(Z5)3
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Quintic Mirror

First, recall ordinary mirror symmetry.

Exchanges pairs of Calabi-Yau’s X1 ↔ X2

so as to flip Hodge diamond.



is a conjectured generalization that exchanges pairs

(0,2) mirror symmetry

(X1, E1) ↔ (X2, E2)

where the    are Calabi-Yau manifolds
and the           are holomorphic vector bundles

Xi

Ei → Xi

Constraints: ch2(E) = ch2(TX)E stable,

Reduces to ordinary mirror symmetry when
Ei

∼
= TXi



(0,2) mirror symmetry
Instead of exchanging (p,q) forms,

(0,2) mirror symmetry exchanges bundle-valued 
differential forms (sheaf cohomology):

Note when Ei
∼
= TXi this reduces to

(for Xi Calabi-Yau)

H
d−1,1(X1) ↔ H

1,1(X2)

Hj(X1, Λ
i
E1) ↔ Hj(X2, (Λ

i
E2)

∨)



(0,2) mirror symmetry
Not much is known about (0,2) mirror symmetry, 

though basics are known, and more quickly developing.

Ex:  numerical
    evidence

Horizontal:

Vertical:

h
1(E) − h

1(E∨)

h
1(E) + h

1(E∨)

where E is rk 4

(Blumenhagen, Schimmrigk, Wisskirchen, 
NPB 486 (‘97) 598-628)



(0,2) mirror symmetry
A few highlights:
* an analogue of the Greene-Plesser construction

(quotients by finite groups) is known
(Blumenhagen, Sethi, NPB 491 (‘97) 263-278)

* for def’s of the tangent bundle, 
there now exists a (0,2) monomial-divisor mirror map 

(Melnikov, Plesser, 1003.1303 & Strings 2010)

* an analogue of Hori-Vafa-Morrison-Plesser
(Adams, Basu, Sethi, hepth/0309226)

(0,2) mirrors are starting to heat up!

* analogue of quantum cohomology known since ‘04
(ES, Katz, Adams, Distler, Ernebjerg, Guffin, Melnikov, McOrist, ....)



Today, I’ll going to outline one aspect of (0,2) mirrors, 
namely,

quantum sheaf cohomology
(the (0,2) analogue of quantum cohomology),

[Initially developed in ‘04 by S Katz, ES,
and later work by A Adams, J Distler, R Donagi, 
M Ernebjerg, J Guffin, J McOrist, I Melnikov, 

S Sethi, ....]

& then discuss (2,2) & (0,2) Landau-Ginzburg models, 
and some related issues.

Outline of today’s talk



Lingo:

The worldsheet theory for a heterotic string with the 
standard embedding 

(gauge connection = spin connection)
has (2,2) susy in 2d, 
hence ``(2,2) model’’

The worldsheet theory for a heterotic string with a 
more general gauge connection has (0,2) susy,

hence ``(0,2) model’’



Roughly, two sources of nonperturbative corrections 
in heterotic strings:

* Gauge instantons (& 5-branes)

* Worldsheet instantons -- from strings wrapping 
minimal-area 2-cycles (``holomorphic curves’’) in 

spacetime 

I’ll focus on the latter class.



Worldsheet instantons generate effective 
superpotential terms in target-space theory.

For ex, for a heterotic theory with rk 3 bundle 
breaking E8 to E6,

* (27*)3 couplings

* (27)3 couplings

* singlet couplings -- Beasley-Witten, 
                       Silverstein-Witten, Candelas et al



The A and B model topological field theories
arise from `twists’ of (2,2) NLSM’s

& compute some of these couplings:

* (27*)3 couplings -- on (2,2) locus, 
                                   computed by A model

* (27)3 couplings -- on (2,2) locus,
                                   computed by B model

Off the (2,2) locus (more gen’l gauge bundles),
these are computed by (0,2) analogues of the

A, B models, known as A/2, B/2 models.



* No longer strictly TFT’s, though become TFT’s on the 
(2,2) locus

* Nevertheless, some correlation functions still have a 
mathematical understanding

* New symmetries:  
(X, E)

(X, E∨)

A/2 on
same as

B/2 on

The A/2, B/2 models:

* (0,2) analogues of ( (2,2) ) A, B models

Next:  review/compare A, A/2....



Ordinary A model

gi∂φi∂φ
+ igiψ


−

Dzψ
i
−

+ igiψ

+Dzψ

i
+ + R

ikl
ψi

+ψ
+ψk

−
ψl
−

δφi ∝ χi, δφı ∝ χı

δχi = 0, δχı = 0

δψi
z "= 0, δψı

z
"= 0

Under the scalar 
supercharge,

O ∼ bi1···ipı1···ıq
χı1 · · ·χıqχi1 · · ·χip ↔ Hp,q(X)

Q ↔ d

so the states are

Fermions:
ψi
−

(≡ χi) ∈ Γ((φ∗T 0,1X)∨) ψi
+(≡ ψi

z) ∈ Γ(K ⊗ φ∗T 1,0X)
ψı
−

(≡ ψı
z) ∈ Γ(K ⊗ φ∗T 0,1X) ψı

+(≡ χı) ∈ Γ((φ∗T 1,0X)∨)



A/2 model

gi∂φi∂φ
+ ih

ab
λb
−

Dzλ
a
−

+ igiψ

+Dzψ

i
+ + F

iab
ψi

+ψ
+λa

−
λb
−

Fermions:

Constraints:

λa
−

∈ Γ(φ∗E) ψi
+ ∈ Γ(K ⊗ φ∗T 1,0X)

λb
−

∈ Γ(K ⊗ φ∗E) ψı
+ ∈ Γ((φ∗T 1,0X)∨)

ch2(E) = ch2(TX)Green-Schwarz:

Λ
top

E
∨ ∼= KXAnother anomaly:

(makes path integral measure well-defined;
analogue of the CY condition in the B model)



A/2 model

gi∂φi∂φ
+ ih

ab
λb
−

Dzλ
a
−

+ igiψ

+Dzψ

i
+ + F

iab
ψi

+ψ
+λa

−
λb
−

Fermions:

O ∼ bı1···ına1···ap
ψı1

+ · · ·ψın

+ λa1

−
· · ·λ

ap

−
↔ Hn(X, Λp

E
∨)

States:

Λtop
E
∨ ∼= KX , ch2(E) = ch2(TX)Constraints:

When E = TX, reduces to the A model,
since Hq(X, Λp(TX)∨) = Hp,q(X)

λa
−

∈ Γ(φ∗E) ψi
+ ∈ Γ(K ⊗ φ∗T 1,0X)

λb
−

∈ Γ(K ⊗ φ∗E) ψı
+ ∈ Γ((φ∗T 1,0X)∨)



A model classical correlation functions

For    compact, have n        zero modes,
plus bosonic zero modes      , so
X

∼ X

χ
i
, χ

ı

Selection rule from left, right U(1)R’s:
∑

i

pi =

∑

i

qi = n

Thus:

〈O1 · · ·Om〉 =

∫
X

H
p1,q1(X) ∧ · · · ∧ H

pm,qm(X)

〈O1 · · ·Om〉 ∼

∫
X

(top-form)



A/2 model classical correlation functions
For    compact, we have n     zero modes and

r     zero modes:
X ψı

+

λ
a

Selection rule:
∑

i
qi = n,

∑
i
pi = r

ΛtopE∨ ∼= KXThe constraint
makes the integrand a top-form.

〈O1 · · ·Om〉 =

∫
X

Hq1(X, Λp1E∨) ∧ · · · ∧ Hqm(X, ΛpmE∨)

〈O1 · · ·Om〉 ∼
∫

X
Htop(X, ΛtopE∨)



A model -- worldsheet instantons

Moduli space of bosonic zero modes
            = moduli space of worldsheet instantons, M

If no          zero modes, thenψi
z , ψ

ı

z

〈O1 · · ·Om〉 ∼
∫
M

Hp1,q1(M) ∧ · · · ∧ Hpm,qm(M)

More generally,
〈O1 · · ·Om〉 ∼

∫
M

Hp1,q1(M) ∧ · · · ∧ Hpm,qm(M) ∧ ctop(Obs)

In all cases: 〈O1 · · ·Om〉 ∼
∫
M

(top form)



A/2 model -- worldsheet instantons

The bundle   on    induces 
a bundle    (of   zero modes) on     : 

E X

F λ M
F ≡ R0π∗α

∗E

π : Σ ×M → M, α : Σ ×M → Xwhere

E = TX F = TMOn the (2,2) locus, where           , have

ΛtopE∨ ∼= KX

ch2(E) = ch2(TX)

}

GRR
=⇒ ΛtopF∨ ∼= KM

so again integrand is a top-form.

Apply anomaly constraints:

When no `excess’ zero modes,
〈O1 · · ·Om〉 ∼

∫
M

Htop(M, ΛtopF∨)



A/2 model -- worldsheet instantons

General case:

ψ

+ ∼ TM = R0π∗α

∗TX λa
−
∼ F = R0π∗α

∗E

ψi
+ ∼ Obs = R1π∗α

∗TX λb
−
∼ F1 ≡ R1π∗α

∗E
where

Apply anomaly constraints:
ΛtopE∨ ∼= KX

ch2(E) = ch2(TX)

}

GRR
=⇒ ΛtopF∨ ⊗ ΛtopF1 ⊗ Λtop(Obs)∨ ∼= KM

so, again, integrand is a top-form.

(reduces to A model result via Atiyah classes)

〈O1 · · · Om〉 ∼
∫

M
H

∑

qi

(

M, Λ
∑

piF∨

)

∧

Hn (M, ΛnF∨ ⊗ ΛnF1 ⊗ Λn(Obs)∨)



To do any computations, we need explicit expressions 
for the space     and bundle    .M F

Will use `linear sigma model’ moduli spaces.

Advantage:  closely connected to physics

Disadvantage:  no universal instanton

previous discussion merely formal,
need to extend induced sheaves over the

compactification divisor.

α : Σ ×M → X,



Gauged linear sigma models are 2d gauge theories, 
generalizations of the CPN model, 

that RG flow in IR to NLSM’s.

The 2d gauge instantons of the gauge theory
= worldsheet instantons in IR NLSM

`Linear sigma model moduli spaces’ are therefore 
moduli spaces of 2d gauge instantons.

1st, review linear sigma model (LSM) moduli spaces....



S’pose we want to describe maps into a Grassmannian 
of k-planes in n-dim’l space, G(k,n).

(for k=1, get Pn-1)

Physically, 2d U(k) gauge theory, n fundamentals.

Bundles built physically from (co)kernels of short 
exact sequences of (special homogeneous) bundles,

defined by rep’s of U(k).

Lift to nat’l sheaves on            ,
pushforward to     . 

P
1
×M

M



A few more details.

All the heterotic bundles will be built from 
(co)kernels of short exact sequences in which all the
other elements are bundles defined by reps of U(k). 

Ex:
0 −→ E −→

n⊕
O(k)

k+1⊕
Alt2O(k) −→

k−1⊕
Sym2

O(k) −→ 0

is bundle associated to fund’ rep’ of U(k)O(k)

We need to extend pullbacks of such across 
P

1
×MLSM



Corresponding to         is a 
rk k `universal subbundle’ S on            . 

O(k)
P

1
×M

Lift all others so as to be a U(k)-rep’ homomorphism

Ex:
O(k) !→ S

∗

O(k) ⊗O(k) "→ S
∗ ⊗ S

Altm

O(k) !→ Altm

S
∗

Then pushforward to LSM moduli space, and compute.

Let’s do projective spaces in more detail....



Example:  CPN-1

Have N chiral superfields              , each charge 1x1, · · · , xN

For degree d maps, expand:
xi = xi0u

d
+ xi1u

d−1
v + · · · + xidv

d

u, vwhere      are homog’ coord’s on worldsheet = P1

Take       to be homogeneous coord’s on    , then(xij) M

MLSM = P
N(d+1)−1



Can do something similar to build   .F

Example:  completely reducible bundle

Corresponding to O(−1) → P
N−1

is the bundle
S ≡ π

∗

1OP1(−d) ⊗ π
∗

2OPN(d+1)−1(−1) −→ P
1 × P

N(d+1)−1

E = ⊕aO(na)

Lift of    isE ⊕aS
⊗−na −→ P

1
× P

N(d+1)−1

which pushes forward to
F = ⊕aH0

(

P
1,O(nad)

)

⊗C O(na)



Example:  completely reducible bundle

Left-moving fermions are completely free.
Expand in zero modes:

E = ⊕aO(na)

λ
a
−

= λ
a0
−

u
nad+1

+ λ
a1
−

u
nad

v + · · ·

Each onλ
ai

−
∼ O(na) MLSM = P

N(d+1)−1

Corresponding physics:

Thus:
F = ⊕aH0

(

P
1,O(nad)

)

⊗C O(na)

is the sheaf of fermi zero modes.



There is also a trivial extension of this to more 
general toric varieties.

Example:  completely reducible bundle
E = ⊕aO(!na)

F = ⊕aH0

(

P
1,O(!na · !d)

)

⊗C O(!na)

Corresponding sheaf of fermi zero modes is



Check of (2,2) locus

The tangent bundle of a (cpt, smooth) toric variety 
can be expressed as

0 −→ O⊕k −→ ⊕iO(!qi) −→ TX −→ 0

Applying previous ansatz,

0 −→ O⊕k −→ ⊕iH
0

(

P
1,O(!qi · !d)

)

⊗C O(!qi) −→ F −→ 0

F1
∼= ⊕iH

1

(

P
1,O(!qi · !d)

)

⊗C O(!qi)

This    is precisely            , 
and     is the obs’ sheaf.
F

F1

TMLSM



Quantum cohomology
... is an OPE ring.  For CPN-1, correl’n f’ns:

Ordinarily need (2,2) susy, but:

* Adams-Basu-Sethi (‘03’) conjectured (0,2) exs

* Katz-E.S. (‘04) computed matching corr’n f’ns  

* Adams-Distler-Ernebjerg (‘05): gen’l argument

〈xk〉 =

{

qm if k = mN + N − 1

0 else

* Guffin, Melnikov, McOrist, Sethi, etc



Quantum cohomology

∗ =









x1 ε1x1

x2 ε2x2

0 x̃1

0 x̃2









ABS studied a (0,2) theory describing P1xP1

with gauge bundle    = def’ of tangent bundle,
expressible as a cokernel:

E

0 −→ O ⊕O
∗

−→ O(1, 0)2 ⊕O(0, 1)2 −→ E −→ 0



Quantum cohomology
In this example (a (0,2) theory describing P1xP1

with gauge bundle = def’ of tangent bundle),

ABS conjectured:

X̃2 = exp(it2)
X2

− (ε1 − ε2)XX̃ = exp(it1)

(a def’ of the q.c. ring of P1xP1)



Quantum cohomology
Katz-E.S. checked by directly computing, using 

technology outlined so far:

and so forth, verifying the prediction.

〈X̃4〉 = 〈1〉 exp(2it2) = 0
〈XX̃3〉 = 〈(XX̃)X̃2〉

= 〈XX̃〉 exp(it2) = exp(it2)
〈X2X̃2〉 = 〈X2〉 exp(it2) = (ε1 − ε2) exp(it2)
〈X3X̃〉 = exp(it1) + (ε1 − ε2)2 exp(it2)
〈X4〉 = 2(ε1 − ε2) exp(it1) + (ε1 − ε2)3 exp(it2)



More recent work:

* Josh Guffin, Sheldon Katz

* Ilarion Melnikov, Jock McOrist, Sav Sethi

Checked many more correlation functions,
worked out technology for further computations

Corresponding GLSM computations.



B/2 model

-- also exists

-- classically, can be related to (0,2) A model
by exchanging    and   E E

∨

-- but there’s a different regularization of the 
theory.  For some special curves, in which 

the A, B models are classically indistinguishable,
but QM’ly are distinguished by their extensions

over compactification divisor

φ∗
E ∼

= φ∗
E
∨

(ES, S Katz)



So far:

* outlined A/2, B/2 models

(first exs of `holomorphic field theories,’
rather than `topological field theories’)

* outlined quantum sheaf cohomology,
old claims of ABS, verification

Next:
(2,2) & (0,2) Landau-Ginzburg models

Outline of Melnikov-McOrist claims on A/2, B/2



A Landau-Ginzburg model is a nonlinear sigma model 
on a space or stack X plus a ``superpotential’’ W.

S =

∫

Σ

d2x
(

gi∂φi∂φ
+ igiψ


+Dzψ

i
+ + igiψ


−

Dzψ
i
−

+ · · ·

+ gi∂iW∂W + ψi
+ψj

−
Di∂jW + ψı

+ψ
−

Dı∂W
)

W : X −→ CThe superpotential is holomorphic,
(so LG models are only interesting when X is 

noncompact).

There are analogues of the A, B model TFTs for 
Landau-Ginzburg models.....

(A model:  Fan, Jarvis, Ruan, ...; Ito; Guffin, ES)



LG B model:

The states of the theory are Q-closed (mod Q-exact) 
products of the form

b(φ)j1···jm

ı1···ın

ηı1
· · · ηınθj1 · · · θjm

where η, θ are linear comb’s of ψ

Q · φi
= 0, Q · φı

= ηı, Q · ηı
= 0, Q · θj = ∂jW, Q2

= 0

Identify ηı
↔ dzı, θj ↔

∂

∂zj
, Q ↔ ∂

so the states are hypercohomology

H
·

(

X, · · · −→ Λ
2TX

dW
−→ TX

dW
−→ OX

)



Quick checks:

1) W=0, standard B-twisted NLSM

H
·

(

X, · · · −→ Λ
2TX

dW
−→ TX

dW
−→ OX

)

!→ H · (X, Λ·TX)

2) X=Cn, W = quasihomogeneous polynomial

Seq’ above resolves fat point {dW=0}, so

H
·

(

X, · · · −→ Λ
2TX

dW
−→ TX

dW
−→ OX

)

!→ C[x1, · · · , xn]/(dW )



To A twist, need a U(1) isometry on X w.r.t. which the
superpotential is quasi-homogeneous.

Twist by ``R-symmetry + isometry’’

Let Q(ψi) be such that

W (λQ(ψi)φi) = λW (φi)

then twist: ψ !→ Γ
(

original⊗ K
−(1/2)QR

Σ ⊗ K
−(1/2)QL

Σ

)

where QR,L(ψ) = Q(ψ) +







1 ψ = ψi
+, R

1 ψ = ψi
−

, L
0 else



Example:  X = Cn, W quasi-homog’ polynomial

Here, to A twist, need to make sense of e.g. K1/r
Σ

Options:  * couple to top’ gravity (FJR)

* don’t couple to top’ grav’ (GS)
-- but then usually can’t make sense of K1/r

Σ

I’ll work with the latter case.

where r = 2(degree)



LG A model:
A twistable example:

LG model on X = Tot(                )E
∨ π

−→ B

with s ∈ Γ(B, E)W = pπ∗s,

Accessible states are Q-closed (mod Q-exact) prod’s:
b(φ)ı1···ınj1···jm

ψı1
−
· · ·ψın

−
ψ

j1
+ · · ·ψ

jm

+

Q · φi
= ψi

+, Q · φı
= ψı

−
, Q · ψi

+ = Q · ψı

−
= 0, Q2

= 0

where

ψi

+ ↔ dzi, ψı

−
↔ dzı, Q ↔ dIdentify

φ ∼ {s = 0} ⊂ B ψ ∼ TB|{s=0}

so the states are elements of H
m,n(B)|{s=0}



Witten equ’n in A-twist:
BRST: δψi

−
= −α

(

∂φi
− igi∂W

)

implies localization on sol’ns of

∂φi
− igi∂W = 0 (``Witten equ’n’’)

On complex Kahler mflds, there are 2 independent 
BRST operators:

δψi
−

= −α+∂φi
+ α

−
igi∂W

which implies localization on sol’ns of

∂φi = 0

gi∂W = 0

which is what
we’re using.



LG A model, cont’d

The MQ form rep’s a Thom class, so

In prototypical cases,

-- same as A twisted NLSM on {s=0}

Not a coincidence, as we shall see shortly.

〈O1 · · ·On〉 =

∫

M

ω1∧· · ·∧ωn

∫

dχpdχp
exp

(

−|s|2 − χpdziDis − c.c. − Fidzidzχpχp
)

︸ ︷︷ ︸

Mathai−Quillen form

〈O1 · · · On〉 =
∫
M ω1 ∧ · · · ∧ ωn ∧ Eul(N{s=0}/M)

=
∫
{s=0} ω1 ∧ · · · ∧ ωn



Example:

LG model on Tot( O(-5) --> P4 ),
W = p s

p ∈ Γ(KΣ)Twisting:

Degree 0 (genus 0) contribution:

〈O1 · · ·On〉 =

∫
P4

d2φi

∫ ∏
i

dχidχıdχpdχp O1 · · ·On

(cont’d)

· exp

(

−|s|2 − χiχpDis − χpχıDıs − R
ippk

χiχpχpχk
)

(curvature term ~ curvature of O(-5) )



Example, cont’d

So, under rescalings of W by a constant factor   ,
physics is unchanged:

λ

〈O1 · · ·On〉 =

∫
P4

d2φi

∫ ∏
i

dχidχıdχpdχp O1 · · ·On

· exp

(

−λ2|s|2 − λχiχpDis − λχpχıDıs − R
ippk

χiχpχpχk
)

In the A twist (unlike the B twist),
the superpotential terms are BRST exact:

Q ·
(

ψi
−

∂iW − ψi
+∂ıW

)

∝ −|dW |2 + ψi
+ψj

−
Di∂jW + c.c.



〈O1 · · ·On〉 =

∫
P4

d2φi

∫ ∏
i

dχidχıdχpdχp O1 · · ·On

· exp

(

−λ2|s|2 − λχiχpDis − λχpχıDıs − R
ippk

χiχpχpχk
)

Example, cont’d

Limits:

1) λ → 0

Exponential reduces to purely curvature terms;
bring down enough factors to each up     zero modes. χ

p

Equiv to, inserting Euler class.

λ → ∞2)
Localizes on {s = 0} ⊂ P

4

Equivalent results,
either way.



Renormalization (semi)group flow

Constructs a series of theories that are 
approximations to the previous ones, valid at longer 

and longer distance scales.

The effect is much like starting with 
a picture and then standing further 
and further away from it, to get 

successive approximations; final result 
might look very different from start.

Problem:  cannot follow it explicitly.



Renormalization group

Longer 
distances

Lower
energies

Space of physical theories



Furthermore, RG preserves TFT’s.

If two physical theories are related by RG,
then, correlation functions in a top’ twist of one

=
correlation functions in corresponding twist of other.



LG model on X = Tot(                )E
∨ π

−→ B

with   W = p s

NLSM on {s = 0}   B⊂

where s ∈ Γ(E)

Renormalization
group 
flow

This is why correlation functions match.



So far we’ve outlined (2,2) Landau-Ginzburg models.

Let’s now turn to (0,2) Landau-Ginzburg models....



Heterotic Landau-Ginzburg model:

S =

∫

Σ

d2x
(

gi∂φi∂φ
+ igiψ


+Dzψ

i
+ + ih

ab
λb
−

Dzλ
a
−

+ · · ·

+ habFaF
b

+ ψi
+λa

−
DiFa + c.c.

+ h
ab

EaE
b

+ ψi
+λa

−
DiE

bhab + c.c.

)

Has two superpotential-like pieces of data
Ea

∈ Γ(E), Fa ∈ Γ(E∨)
∑

a

E
a
Fa = 0such that



Pseudo-topological twists:
* If Ea = 0, then can perform std B/2 twist

ψı

+ ∈ Γ((φ∗T 1,0X)∨) λa

−
∈ Γ(φ∗

E)
Need Λtop

E ∼= KX , ch2(E) = ch2(TX)

* More gen’ly, must combine with C* action.

H
·

(

· · · −→ Λ
2
E

iFa

−→ E
iFa

−→ OX

)

States

* If Fa = 0, then can perform std A/2 twist 
ψi

+ ∈ Γ(φ∗T 1,0X) λa

−
∈ Γ(φ∗

E)

Need Λtop
E
∨ ∼= KX , ch2(E) = ch2(TX)

H
·

(

· · · −→ Λ
2
E
∨ iEa

−→ E
∨ iEa

−→ OX

)

States



Heterotic LG models are related to heterotic NLSM’s 
via renormalization group flow.

E = coker (F1 −→ F2)

A heterotic NLSM on B 
with

A heterotic LG model on X = Tot

(

F1

π

−→ B

)

E
′

= π
∗
F2 Fa ≡ 0, Ea "= 0with &

Renormalization 
group

Example:



Adams-Basu-Sethi Example:

Corresponding to NLSM on P1xP1 with E’ as cokernel
0 −→ O ⊕O

∗

−→ O(1, 0)2 ⊕O(0, 1)2 −→ E ′ −→ 0

∗ =









x1 ε1x1

x2 ε2x2

0 x̃1

0 x̃2









have (upstairs in RG) LG model on 
X = Tot

(

O ⊕O
π

−→ P
1
× P

1

)

E = π
∗O(1, 0)2 ⊕ π

∗O(0, 1)2

E2
= x2p1 + ε2x2p2

E1
= x1p1 + ε1x1p2 E3

= x̃1p1

E4
= x̃2p2

with

Fa ≡ 0



Example, cont’d

Since Fa = 0, can perform std A twist.

〈O1 · · ·On〉 =

∫

P1
×P1

d2x

∫

dχi

∫

dλaO1 · · ·On

(

λaẼa
1

)(

λbẼb
2

)

f(Ẽa
1 , Ẽa

2 )

which reproduces std results for 
quantum sheaf cohomology in this example.



One can also compute elliptic genera in these models.

For the given example, 
elliptic genus proportional to

∫

B

Td(TB) ∧ ch
(

⊗Sqn((TB)C) ⊗ Sqn((e−iγF1)
C) ⊗ Λ

−qn((e−iγF2)
C)

)

and there is a Thom class argument that 
this matches a corresponding elliptic genus 

of the NLSM related by RG flow.



Example in detail:  Heterotic string on quintic,
bundle = deformation of tangent bundle

E
a
≡ 0 Fa = (G, p(DiG + Gi))

X = Tot
(

O(−5) → P
4
)

LG model on

E = TXgauge bundle

G ∈ Γ(O(5)) p fiber coord’

Flows under RG to (0,2) theory on {G = 0} ⊂ P
4

w/ gauge bundle a def of tangent bundle,
defined by the Gi



(cont’d)

If restrict to zero modes,

=

∫
d2φi

∫
dχi

∫
dλı

∫
dχp

∫
dλp

O1 · · · On

〈O1 · · ·On〉

· exp

(

−|G|2 − χiλpDiG − χpλı
(

DıG + Gı

)

− R
ippk

χiχpλpλk
)

Integrate out         :χp, λp

=

∫

d2φi

∫

dχi

∫

dλı
O1 · · ·On

[

(

χiDiG
) (

λı
(

DıG + Gı

))

+ R
ippk

gppχiλk
]

· exp
(

−|G|2
)

Perform A/2 twist.



=

∫

d2φi

∫

dχi

∫

dλı
O1 · · ·On

[

(

χiDiG
) (

λı
(

DıG + Gı

))

+ R
ippk

gppχiλk
]

· exp
(

−|G|2
)

〈O1 · · ·On〉

Above is a (0,2) deformation of a Mathai-Quillen form.

Based on BRST-exactness of part of superpotential,
Melnikov-McOrist have conjectured that the 

expression above should be independent of    ,
hence should give same result as on (2,2) locus.

Gi



More gen’ly, based on GLSM arguments,
Melnikov-McOrist have a formal argument that 

A/2 twist should be independent of F’s
B/2 twist should be independent of E’s



Most general case:

NLSM on Y ≡ {Gµ = 0} ⊂ B Gµ ∈ Γ(G)

with bundle    given by cohom’ of the monadE
′

F1 −→ F2 −→ F3

LG model on X = Tot

(

F1 ⊕ F∨

3

π

−→ B

)

with gauge bundle    given byE

0 −→ π
∗G∨ −→ E −→ π

∗F2 −→ 0

(2,2) locus: F1 = 0, F2 = TB, F3 = G

Renormalization 
group



Heterotic GLSM phase diagrams:

Heterotic GLSM phase diagrams are famously 
different from (2,2) GLSM phase diagrams;

however,
the analysis of earlier still applies.

A LG model on X, with bundle E,
can be on the same Kahler phase diagram as

a LG model on X’, with bundle E’,
if X birat’l to X’, and E, E’ match on the overlap.

(necessary, not sufficient)



Example:

NLSM on {G = 0} ⊂ WP
4

w1,···,w5

with bundle     given byE
′

0 −→ E ′ −→ ⊕O(na) −→ O(m) −→ 0

G ∈ Γ(O(d))

is described (upstairs in RG) by a LG model on
X = Tot

(

O(−m)
π

−→ WP
4

)

with bundle 0 −→ π
∗O(d) −→ E −→ ⊕π

∗O(na) −→ 0

and is related to LG on

with ~ same bundle.
Tot (⊕O(−wi) −→ BZm) = [C5/Zm]



Summary:

-- overview of progress towards (0,2) mirrors;
starting to heat up!

-- outline of quantum sheaf cohomology
(part of (0,2) mirrors story)

-- (2,2) and (0,2) Landau-Ginzburg models over
nontrivial spaces,

conjectures of Melnikov-McOrist



Strings-Math 2011
A new biennial conference series,

oriented towards math aspects & mathematicians

First meeting:  June 6-10, 2011,
University of Pennsylvania

Future meetings:  Stony Brook, Bonn
http://www.math.upenn.edu/StringMath2011
Organizers:  J Distler, R Donagi, T Pantev, E Sharpe



Summer school on mathematical string theory

Virginia Tech

June 21 - July 2, 2010

Speakers include:  Dima Arinkin, Arend Bayer, John 
Francis, Josh Guffin, Simeon Hellerman, Ilarion 

Melnikov, Peter Zograf

http://www.phys.vt.edu/mp10


