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Abstract

We explore new IR phenomena and dualities, arising for product groups, in the context ofN = 1
supersymmetric gauge theories. The RG running of the multiple couplings can radically affec
other. For example, an otherwise IR interacting coupling can be driven to be instead IR free by
bitrarily small, but nonzero, initial value of another coupling. Or an otherwise IR free coupling c
driven to be instead IR interacting by an arbitrarily small non-zero initial value of another cou
We explore these and other phenomena inN = 1 examples, where exact results can be obta
usinga-maximization. We also explore the various possible dual gauge theories, e.g., by du
one gauge group with the other treated as a weakly gauged flavor symmetry, along with pre
proposed duals for the theories deformed byAk-type Landau–Ginzburg superpotentials. We note
this latter duality, and all similar duality examples, always have nonempty superconformal win
within which both the electric and dualAk superpotentials are relevant.
 2005 Published by Elsevier B.V.
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1. Introduction

Asymptotically free gauge theories have various possible IR phases, one being the
Abelian Coulomb phase”, which is an interacting conformal field theory RG fixed p
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where all beta functions vanish. A classic example isN = 1 SU(Nc) SQCD withNf mass-
less flavors, which flows to a SCFT in the IR forNf within the Seiberg superconform
window [1] 3

2Nc < Nf < 3Nc. For Nf � 3
2Nc, the theory is instead in a free magne

SU(Nc − Nf ) phase in the IR. (See, e.g.,[2] for a review and references.) Our prejud
is that the interacting SCFT phase is rather generic for asymptotically free SUSY
theories with enough massless matter to avoid dynamical superpotentials, i.e. with
less matter representationR such thatT (G) < T (R) < 3T (G), with T (R) the quadratic
Casimir ofR andT (G) that of the adjoint. The theory at the origin is then either a n
trivial free field solution of ’t Hooft anomaly matching (as in the free magnetic phas
an interacting SCFT. Unfortunately, unless one has a conjectured dual description,1 there
is no simple test for directly determining if the IR phase is a SCFT or (fully or partia
IR free magnetic.

There is an essentially endless landscape of possible RG fixed point SCFTs to e
coming from various gauge groups, including product groups, and matter represent
Here we will consider examples with product gauge groups, e.g., the theory

(1.1)

gauge group: SU(Nc) × SU(N ′
c)

matter: X ⊕ X̃ ( , ) ⊕ ( , ),

Qf ⊕ Q̃
f̃

( ,1) ⊕ ( ,1) (f, f̃ = 1, . . . ,Nf ),

Q′
f ′ ⊕ Q̃′

f̃ ′ (1, ) ⊕ (1, ) (f ′, f̃ ′ = 1, . . . ,N ′
f ).

We will be interested in when this theory flows to an (either fully or partially) interac
SCFT and when various dualities apply, e.g., dualizing one gauge group with the
treated as a spectator. We will also be interested in the superconformal window for a
proposed in[5], for the above theory deformed by superpotentialWA2k+1 = Tr(XX̃)k+1.

With multiple couplings, e.g., the two gauge couplings of(1.1), the RG running of one
coupling can radically affect that of the other, possibly driving it into another bas
attraction. For example, as depicted inFig. 1, there can be saddle point IR fixed points (A)
and (B) when one or the other coupling is tuned to precisely zero, but which are un
to any perturbation in the other coupling: the generic RG flows then end up at poinC)
in the IR, with bothg∗ andg′∗ nonzero. Another possibility, shown inFig. 2, is thatg′
is interacting in the IR only ifg = 0, but that any arbitrarily small, nonzero,g would
eventually overwhelmg′, and driveg′ to be IR irrelevant,g′ → 0 in the IR; generic RG
flows then end up at point (A), with g′∗ = 0. Fig. 3 depicts an opposite situation, whe
an otherwise IR free couplingg′ is driven to be interacting in the IR by the couplingg.
Fig. 4 depicts two separately IR free couplings, which can cure each other and lead
interacting RG fixed point (this happens for, e.g., the gauge and Yukawa couplings
N = 4 theory, when we break toN = 1 by taking them to be unequal).

The theory(1.1)realizes the RG flows depicted inFigs. 1 or 2, depending on the value
of the parameters(Nc,N

′
c,Nf ,N ′

f ). With an additional superpotential, as is present if
dualize one of the factors in(1.1), the phenomenon ofFig. 3 is also realized.

1 Even with a non-trivial free field solution of ’t Hooft anomaly matching, e.g., as in the example of[3], there
is the possibility that the matching is a fluke, and that the theory actually flows to an interacting SCFT a

as was argued to be the case for another example in[4].
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Fig. 1.A andB are saddlepoints.C is stable, and there both groups are interacting.

Fig. 2. The plop.B is a saddlepoint.A is stable, and thereg′ is driven to be IR free.

Fig. 3. The opposite ofFig. 2. g′ is IR free forg = 0 butg �= 0 drivesg′ IR interacting.

We will focus here on supersymmetric theories, such as(1.1) with N = 1 supersym-
metry, where some exact results can be obtained. However, we expect the phenom
Figs. 1 and 2to occur even in nonsupersymmetricG × G′ gauge theories, with matter
mixedG × G′ representations, at least when the matter content is chosen such tha
group is just barely asymptotically free. There can then be RG fixed points in the per
tive regime, as can be seen by considering the beta functions to two loops:

α2 ( )

βα =

2π
(−b1 + b2α + c2α

′) + O α4 ,
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(1.2)βα′ = α′2

2π
(−b′

1 + b′
2α

′ + c′
2α) + O

(
α4),

(writing α = g2/4π andα′ = g′2/4π , andO(α4) refers to powers of eitherα or α′), where
thec2 andc′

2 terms come from the matter in mixed representations; see, e.g.,[6]. Choosing
the matter content to be such that the groups are barely asymptotically free, i.e., su
b1 andb′

1 are small positive numbers, it is then found that the two-loop coefficientsb2,
c2, b′

2, c′
2) in (1.2) are positive and not especially small (e.g., in largeNc); this allows for

RG fixed points to exist at relatively small values of the fixed point coupling, so tha
argument for the RG fixed point’s existence could be qualitatively reliable.

In particular, to two loops, we find zeros of the beta functions(1.2)at three points: poin
(A) at (α∗, α′∗)A ≈ (b1/b2,0), point (B) at (α∗, α′∗)B ≈ (0, b′

1/b
′
2), and point (C), at

(1.3)

(
α∗
α′∗

)
C

≈ 1

b2b
′
2 − c2c

′
2

(
b′

2 −c2

−c′
2 b2

)(
b1

b′
1

)
.

For point (C) to actually exist, the values ofα∗ andα′∗ in (1.3) must be positive. I
is found that the determinant denominator in(1.3) is generally positive, so the positivit
condition for RG fixed point (C) to exist is thus

(1.4)b1b
′
2 > b′

1c2 and b′
1b2 > b1c

′
2 to haveg∗ �= 0 andg′∗ �= 0.

These inequalities may or may not hold, depending on the choice of matter conten
intuition for these inequalities is that each gauge coupling makes the other less inte
in the IR (via thec2 or c′

2 terms), so there can only be a RG fixed point (C), with both
interacting, if the couplings flow in balance: if either flows too much faster than the oth
can drive the other to be IR free. For example, if the matter content is such thatb1c

′
2 > b′

1b2,
theng′ → 0 in the IR, as inFig. 2, with theG dynamics overwhelming theG′ dynamics in
the IR. Likewise, ifb′

1c2 > b1b
′
2, thenG′ wins, and drivesg → 0 in the IR. The inequality

b2b
′
2 > c2c

′
2 implies that both inequalities in(1.4)could not be reversed.

The criteria(1.4)for RG fixed point (C) to exist are equivalent to the condition that R
fixed points (A) and (B) be IR unstable to perturbations in the other coupling, as depict
Fig. 5. For example, near (A), whereα′ = 0 andα∗ ≈ b1/b2, (1.2)givesβα′ = α′2(−b′

1 +
c′

2b1/b2)/2π + O(α′3). The second inequality in(1.4) is thus equivalent to having (A)
be IR repulsive toα′ perturbations, as inFig. 1. If (A) and (B) are both IR repulsive to
Fig. 4. Two separately irrelevant couplings combine to be interacting.N = 4 SYM is such an example.
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Fig. 5. If A andB are both IR unstable to perturbations, the theory flows toC, with both couplings interacting.

Fig. 6. We do not find examples ofA and B both IR stable to perturbations. Would’ve required a separa
between domains of attraction.

perturbations, generic couplings flow to having both interacting, and can end up at a
point (C), as inFig. 1. If either inequality of(1.4) is violated, then either (A) or (B) is IR
attractive, and then RG fixed point (C) does not exist (at least it does not exist within
basin of attraction of zero couplings). In that case, as depicted inFig. 2, generic RG flows
attract to the IR stable point (A) or (B). Becauseb2b

′
2 > c2c

′
2, both inequalities in(1.4)

could not be reversed, i.e., we cannot have (A) and (B) both be IR attractive. As depicted
Fig. 6, such a hypothetical flow would have required an unstable separatrix ridge, de
as a dashed line, dividing the RG flows into two different domains of attraction. In ne
the perturbative analysis, nor the supersymmetric examples to follow, do we find exa
of such flows.

We can go beyond the above perturbative analysis inN = 1 supersymmetric theorie
where exact results can be obtained via the NSVZ[7] beta functions. For a generalN = 1
G × G′ gauge theory, with matter chiral superfield in representations

⊕
i (ri , r′

i ), these are

βg(g, g′) = − g3f

16π2

(
3T (G) −

∑
i

T (ri)|r ′
i |
(
1− γi(g, g′)

))

= −3g3f
TrGGR,
16π2
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βg′(g, g′) = −g′3f ′

16π2

(
3T (G′) −

∑
i

T (r ′
i )|ri |

(
1− γi(g, g′)

))

= −3g′3f ′

16π2
TrG′G′R.

In the NSVZ scheme,f = (1 − g2T (G)

8π2 )−1 andf ′ = (1 − g′2T (G′)
8π2 )−1, while in other

schemes these factors are replaced with other functions of the coupling[8], such thatf =
1+ O(g2); these scheme-dependent prefactors are unimportant for our discussion,
for the fact that they should be strictly positive in our range of coupling constants.

The last equality in each line of(1.5) involves TrGGR, which is the coefficient of the
U(1)R ABJ triangle anomaly, with two externalG gluons. This uses the fact that supersy
metry relates the dilatation current to aU(1)R current, with the exact scaling dimensio
of chiral fields related to theirU(1)R charges:

(1.6)∆ = 3

2
R, e.g., ∆(Qi) ≡ 1+ 1

2
γi = 3

2
R(Qi).

When the theory is conformally invariant, thisU(1)R is conserved, and part of the s
perconformal groupSU(2,2|1). When the theory is not conformally invariant, e.g., alo
the RG flow from the UV to the IR, supersymmetry still relates the stress tensor
R-current, whose charges run with the anomalous dimensions according to(1.6), and
whose anomaly is related to the beta function according to(1.5). Among all possible R
symmetries, the superconformal R-symmetry is that which locally maximizesatrial(R) ≡
3 TrR3 − TrR [9]. This method for determining the superconformal R-charges is refe
to as “a-maximization”, because the value ofatrial at its unique local maximum equa
the conformal anomaly coefficienta of the SCFT[10,11] (we rescalea by a conventiona
factor of 3/32). An extension ofa-maximization[12], further explored in[8,13], has been
proposed for determining the running R-charges, along the RG flow from the UV t
IR. See, e.g.,[14–21]for further applications and extensions ofa-maximization.

For our particular example(1.1), the exact beta functions(1.5)are

βg(g, g′) = −3g3f

16π2
TrSU(Nc)

2R = − g3f

16π2
(b1 + Nf γQ + N ′

cγX),

(1.7)βg′(g, g′) = −3g′3f ′

16π2
TrSU(N ′

c)
2R = −g′3f ′

16π2
(b′

1 + N ′
f γQ′ + NcγX),

whereb1 ≡ 3Nc − Nf − N ′
c andb′

1 ≡ 3N ′
c − N ′

f − Nc are the one-loop beta functions. W
will take both groups to be asymptotically free, i.e., takeg = g′ = 0 to be UV attractive:

(1.8)3Nc − Nf − N ′
c > 0 and 3N ′

c − N ′
f − Nc > 0,

so thatg = g′ = 0 is IR repulsive, as inFigs. 1 and 2. To have the theory flow to a SCF
in the IR, rather than dynamically generating a vev, from a dynamically generated
potential or quantum moduli space constraint, we also require

′ ′ ′
 (1.9)Nf + Nc > Nc and Nf + Nc > Nc (stability).
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Assuming that(1.8) and (1.9) hold, much as in the above perturbative analysis,
identify three possible RG fixed points:

(1.10)(A) g∗ �= 0, g′∗ = 0, whereγQ = γX = − b1

Nf + N ′
c

, andγQ′ = 0.

(1.11)(B) g∗ = 0, g′∗ �= 0, whereγQ′ = γX = − b′
1

N ′
f + Nc

, andγQ = 0.

(C) g∗ �= 0, g′∗ �= 0, where

(1.12)b1 + Nf γQ + N ′
cγX = 0= b′

1 + N ′
f γQ′ + NcγX.

For point (A), we used the fact that there is an enhanced flavor symmetry which en
that γX = γQ wheng′ = 0, and thatQ′ is a free field forg′ = 0, soγQ′ = 0. Analogous
considerations apply for RG fixed point (B). Seiberg duality[1] shows that (A) and (B)
are actually interacting SCFTs only if

(1.13)Nf + N ′
c >

3

2
Nc and N ′

f + Nc >
3

2
N ′

c,

respectively; otherwise (A) or (B) should be replaced with its free magnetic Seiberg d
Our interest here is in the possible RG fixed point (C). We will discuss when it exists a

an interacting SCFT. We will find, for example, that(1.13)is modified, once the RG flow
of both couplings is taken into account: the otherwise free magnetic dual can be
interacting by the other gauge coupling, as depicted inFig. 3.

Let us first discuss some simple necessary, though not sufficient, conditions forC) to
exist—at least within the domain of attraction of flows to the IR from the asymptotic
free UV fixed point at zero couplings—by determining when the RG flow is as inFig. 1,
or as inFig. 2, with one of the couplings driven IR free. (Our discussion here is essen
identical to one that already appeared in[22] for a chiral example similar to(1.1), having
the field X but not X̃.) As in Fig. 5, (C) exists within the domain of attraction of th
UV fixed point only if (A) and (B) are both IR unstable to perturbations in the ot
coupling. Using(1.7), (A) is IR stable tog′ perturbations if TrSU(N ′

f )2R|A < 0, i.e., we

getβg′ ∼ −g′3(b′
1 −Ncb1/(Nf +N ′

c))+O(g′5), with the second contribution fromγX at
(A), sog′ is an IR irrelevant perturbation of (A) if b′

1 < Ncb1/(Nf + N ′
c), i.e.,

(1.14)(A) is IR attractive, withg′ → 0, if (3N ′
c − N ′

f )(N ′
c + Nf ) − 3N2

c < 0.

Similarly, g will be an irrelevant perturbation of (B) if Tr SU(Nc)
2R|B < 0, which gives

(1.15)(B) is IR attractive, withg → 0, if (3Nc − Nf )(Nc + N ′
f ) − 3N ′2

c < 0.

The two inequalities in(1.14)and(1.15)are mutually incompatible, so we do not find t
situation ofFig. 6. The condition for RG fixed point (C) to exist (within the domain o
attraction of the UV fixed point) is that neither(1.14)nor (1.15)holds, i.e., we have a flow
as inFig. 1only if

(3Nc − Nf )(Nc + N ′
f ) − 3N ′2

c > 0,

′ ′ ′ 2
 (1.16)(3Nc − Nf )(Nc + Nf ) − 3Nc > 0.
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The inequalities(1.16) generally differ from the asymptotic freedom conditions(1.8)
needed to haveg = g′ = 0 not be IR attractive. For the special caseNc = N ′

c andNf = N ′
f ,

(1.16)do reduce to the asymptotic freedom conditions(1.8).
When RG fixed point (C) does exist, the three independent anomalous dimensionsγQ,

γQ′ , andγX are under-constrained by the two constraints of(1.12), soa-maximization[9]
is required to determine the exact anomalous dimensions of chiral operators at (C). When
the RG fixed point is not at sufficiently strong coupling for there to be accidental sym
tries, thea-maximization result can be written as

γQ = 1−
√

1+ λG

2Nc

, γQ′ = 1−
√

1+ λG′

2N ′
c

,

(1.17)γX = 1−
√

1+ λG

2Nc

+ λG′

2N ′
c

,

with λG andλG′ determined by the two conditions in(1.12), for the two beta function
(1.7) to vanish. This way of writing thea-maximization result is motivated by the exte
sion ofa-maximization due to Kutasov[8,12,13], where the interaction constraints on t
superconformal R-charges, e.g., that the ABJ anomalies should vanish, are impos
Lagrange multipliers. The conjecture is that the Lagrange multipliers can be interp
as the running coupling constants along the flow to the RG fixed point. In particula
claim is that(1.17) gives the running anomalous dimensions along the entire RG
from g = g′ = 0 in the UV to the RG fixed point (C) in the IR, withλG = g2|G|/2π2 and
λG′ = g′2|G′|/2π2 the running couplings in some scheme.

This analysis needs to be supplemented when there are accidental symmetrie[14],
and we will find that many accidental symmetries do arise in these theories for g
(Nc,N

′
c,Nf ,N ′

f ). a-maximization with many accidental symmetries is best left to a c
puter (we used Mathematica), and then it is simpler to do thea-maximization at the RG
fixed point, imposing the constraints at the outset rather than with Lagrange multip
We simplify the analysis by considering the limit of large numbers of flavors and co
for arbitrary fixed values of the ratios, which for the example(1.1)are

(1.18)x ≡ Nc

Nf

, x′ ≡ N ′
c

Nf

, n ≡ N ′
f

Nf

.

In this limit, the operator scaling dimensions then only depend on these ratios. Depe
on (x, x′, n), a variety of accidental symmetries associated with gauge invariant o
tors hitting the unitarity bound are found to occur, and their effect on thea-maximization
analysis[14] is accounted for in our numerical algorithm.

As a function of the parameters(x, x′, n), the theory either flows in the IR to a full
interacting RG fixed point, or can be partially or fully free. Our motivation for conside
the examples(1.1) is that they have various possible dualities, and thea-maximization
results can give insight into when they are applicable. For example, we could S
dualize[1] one of the groups in(1.1), treating the other as a weakly gauged spectator
we will discuss, there is a range of(x, x′, n) for which this dual theory realizes the R

flow possibility of Fig. 3: an arbitrarily small nonzero coupling of the “spectator” group
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can drive an otherwise free magnetic group to be interacting in the IR. This also occ
an example discussed in[19], which appeared during the course of the present work.

Knowing the exact dimensions of chiral operators, we can classify the releva
perpotential deformations of (C). In particular, we can now determine the “superc
formal window” range of validity of a duality proposed in[5] for the theory(1.1) with
added superpotential interactionWA2k+1 = Tr(XX̃)k+1. The dual[5] has gauge grou
SU((k +1)(Nf +N ′

f )−Nf −N ′
c)×SU((k +1)(Nf +N ′

f )−N ′
f −Nc) with similar mat-

ter content and additional gauge singlets (corresponding to the mesons), and a dua
of the WA2k+1 superpotential. The superconformal window, where both dual descrip
are useful, is the range of(Nc,N

′
c,Nf ,N ′

f ) within which both the electricWA2k+1, as well
as its analog in the magnetic dual, are both relevant. Thea-maximization results allow u
to determine this subspace of(x, x′, n) parameter space, as a function ofk. For largek, we
find that this subspace is necessarily close to thex ≈ x′ slice, i.e.,Nc ≈ N ′

c.
The outline of this paper is as follows. In Section2 we briefly reviewa-maximization,

and apply it to determine the superconformal R-charges for theSU(Nc)×SU(N ′
c) example

(1.1). We find that there are accidental symmetries arising from gauge invariant ope
hitting the unitarity bound∆ � 1, and use the procedure of[14] to take these into accoun
duringa-maximization. We especially consider the parameter slicex = x′ (i.e.,Nc = N ′

c)
for largex (i.e.,Nc 	 Nf ), and generaln. In this slice and limit,R(X) → 0. We accoun
for the many accidental symmetries, associated with generalized mesons hitting the
tarity bound, in this limit (and numerically check that no baryon operators hit the uni
bound.) As we discuss, if we setn ≡ N ′

f /Nf = 1, our results should—and indeed do
coincide with those of[14].

In Section3 we consider the theory(1.1) deformed by the superpotentialWA2k+1 =
Tr(XX̃)k+1, and the dual description of[5] of that theory. We usea-maximization to de-
termine the exact chiral operator dimensions in the dual of[5]. Combining these result
with those of Section2, we can determine the superconformal window region of(x, x′, n)

parameter space, for any given value ofk, within which theWA2k+1 superpotential of both
the electric theory(1.1)and its dual are both relevant. For largek, the superconformal win
dow is necessarily close to the parameter slicex ≈ x′. We check numerically that, for a
k, there is always a nonempty superconformal window region of parameter space in
the duality of[5] is applicable.

In Section4 we consider Seiberg dualizing[1] one of the groups in(1.1), treating the
other gauge group as a spectator. We will discuss analogsÃ, B̃, andC̃ of the possible RG
fixed points inFig. 1, when they exist, and when they are IR stable to perturbations
find that there is a range of the parameters(1.18) (x, x′, n) where an otherwise IR fre
magnetic gauge group is driven to be interacting for any nonzero gauge coupling
“spectator” group. This is the phenomenon depicted inFig. 3. As seen from the exact be
functions(1.5), positive anomalous dimensions are needed to turn a 1-loop IR irrel
coupling into an IR relevant one. The superpotential of the Seiberg dual theory p
crucial role here, together with the spectator gauge coupling, to get the positive anom
dimensions needed for the effect ofFig. 3. The condition that the RG fixed point (C) of the
original electric theory(1.1)be interacting, rather than flowing to a free magnetic dua
that the fully interacting RG fixed point(C̃) exists in the dual theory; this issue is analyz

by the dual analog ofFig. 5. When(C̃) does exist, we expect that it is equivalent to the RG
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fixed point (C) of the electric description. We verify that their superconformal R-cha
and central charges indeed agree.

In Section5 we briefly conclude, and present a topic for further research.
In Appendix A, we note that all of the many duality examples of[5] have a nonzero

superconformal window. The theories in[5] with a single gauge group (eitherSU(Nc),
SO(Nc), or Sp(Nc)) and matter in a two-index representation (e.g., adjoint, symmetri
antisymmetric) are shown in the largeNc limit to all have the same superconformal
charges, and superconformal window, as that ofSU(Nc) with an adjoint; we can directly
borrow the results obtained in[14], with the central charge differing from that of[14]
by just a fixed overall multiplicative factor. We also note that all of the other exam
in [5], involving product groups, all also have superconformal R-charges and superc
mal window that reduce to those obtained in[14] for a 1d slice of their parameter spac
when we take all of the group ranks equal and all numbers of flavors equal (e.g.,
x = x′ andn = 1 in (1.18)). This suffices to show that all of the duality examples of[5]
indeed have a nonempty superconformal window.

2. a-maximization analysis for the SU(Nc) × SU(N ′
c) theory (1.1)

The superconformalU(1)R symmetry is uniquely determined by the condition tha
maximizesatrial(R) = 3 TrR3−TrR among all possible R-symmetries[9]. The constraints
on the superconformal R-symmetry, e.g., that it’s ABJ anomaly free, can either be i
mented at the outset, before maximizinga(R) w.r.t. R, or via Lagrange multipliersλ [12].
a-maximization with the Lagrange multipliers yields simple general expressions fo
R-charges of the fieldsRi(λ), with the conjectured interpretation of giving the runni
R-charges along the RG flow to the RG fixed point[8,12,13].

For example, for a generalN = 1 supersymmetricG × G′ gauge theory, with zer
superpotential, we determine the running R-charges by maximizing with respect to tRi

a(λ,R) = 3 TrR3 − TrR − λG TrG2R − λG′ TrG′2R
= 2|G| + 2|G′| − λGT (G) − λG′T (G′)

(2.1)+
∑

i

|ri ||r′
i |
[
3(Ri − 1)2 − 1− λG

T (ri )

|ri | − λG′
T (r′

i )

|r′
i |

]
(Ri − 1),

holding fixed the Lagrange multipliersλG and λG′ , which enforce the constraints th
U(1)R not have ABJ anomalies, TrGGR = TrG′G′R = 0. This yields

Ri(λ) = 1− 1

3

√
1+ λG

T (ri )

|ri | + λG′
T (r′

i )

|r′
i |

, i.e.,

(2.2)γi = 1−
√

1+ λG

T (ri )

|ri | + λG′
T (r′

i )

|r′
i |

where we usedγi = 3Ri − 2 for the anomalous dimensions. The conjecture is that t

expressions can be interpreted as giving the anomalous dimensions along the entire RG
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flow, with λG = g2|G|/2π2 and λG′ = g′2|G′|/2π2 in some scheme. For the examp
(1.1) this gives the result(1.17). As in [12], using(2.2) in (2.1) yields a monotonically
decreasinga-functiona(λ) = a(λ,R(λ)) along the RG flow. The values ofλ∗

G andλ∗
G′ at

the IR fixed point are the extremal values ofa(λ); sincea(λ)’s gradients are proportiona
to the exact beta functions[8,12,13], this is equivalent to the conditions that the anomal
dimensions(1.17)yield zeros of the beta functions(1.5).

Whenever a gauge invariant operatorM hits or appears to violate the unitarity bou
R(M) � 2/3, M becomes a decoupled free field. This affects thea-maximization analysis
by introducing an additive correction to the quantitya(R) to be maximized[14] (this can
be derived from the presence of an accidentalU(1)M symmetry, acting only onM [17]):

(2.3)atrial(R) → atrial(R) + 1

9
dim(M)

(
2− 3R(M)

)2(5− 3R(M)
)
.

This correction can also be included in thea-maximization analysis with Lagrange mul
pliers[13], but it becomes unwieldy to do so when there are many such contributions
operators that hit the unitarity bound, as is the case in our examples for general va
the numbers of flavors and colors. For this reason, we will here do thea-maximization
analysis at the RG fixed point, numerically, with the constraints implemented at the
rather than via Lagrange multipliers.

We consider the example(1.1) in the range of the parameters(1.18)where it is possible
to have the RG fixed point like (C) in Fig. 1, with both groups interacting. For asympto
freedom ofg = g′ = 0 in the UV, and to avoid having it be attractive in the IR, we take

(2.4)3x − x′ − 1> 0 and 3x′ − x − n > 0.

We also impose the condition(1.9), which is

(2.5)−n < x − x′ < 1 (stability),

to have the origin of the moduli space of vacua not be dynamically disallowed. Fina
have the points (A) and (B) not be IR attractive, as inFig. 2, we impose(1.16),

(2.6)(3x − 1)(x + n) − 3x′2 > 0 and (3x′ − n)(x′ + 1) − 3x2 > 0.

If either inequality of(2.6) is not satisfied, one or the other group is driven IR free, to
fixed point (A) or (B), with anomalous dimensions and R-charges given by(1.10)or (1.11).
When both(2.6)are satisfied, RG flows generally end up with both couplings interac
which can end up being a RG fixed point (C), where(1.12) is satisfied. As mentioned i
the introduction, we donot impose the naive conditions(1.13)to avoid IR free magnetic
dual groups: as we will see in Section4, the conditions(1.13)are generally dramaticall
modified by the dynamics of the other gauge group.

As always, the conditions in(1.12)for the exact beta functions to vanish are equiva
to requiring that the superconformalU(1)R have vanishing ABJ anomalies with respec
all of the interacting gauge groups. So at (C) we have the two anomaly free conditions

Nc + N ′
c

(
R(X) − 1

) + Nf

(
R(Q) − 1

) = 0,

′ ( ) ′ ( ′ )

(2.7)Nc + Nc R(X) − 1 + Nf R(Q ) − 1 = 0
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to have TrSU(Nc)
2U(1)R = TrSU(N ′

c)
2U(1)R = 0. Enforcing(2.7)at the RG fixed point

we can solve forR(X) andR(Q′) in terms ofy ≡ R(Q)

R(X) = 1− y

x′ + 1− x

x′ ,

(2.8)R(Q′) = x

nx′ (y − 1) + x2

nx′ − x′

n
+ 1,

where the parameters(x, x′, n) of the theory are the ratios(1.18). We determine the supe
conformal R-chargey(x, x′, n) by a-maximization (in the single variabley).

Imposing(2.8), we computeatrial(R) = 3 TrR3 − TrR from the spectrum(1.1) to be

a(0)/N2
f = 2x2 + 2x′2 + 6x(y − 1)3 − 2x(y − 1)

+ 6nx′
[

x

nx′ (y − 1) + x2

nx′ − x′

n

]3

− 2nx′
[

x

nx′ (y − 1) + x2

nx′ − x′

n

]

(2.9)+ 6xx′
[

1− y

x′ − x

x′

]3

− 2xx′
[

1− y

x′ − x

x′

]
.

We then compute the superconformal R-charges by locally maximizing(2.9) w.r.t. y,
for general fixed values of the parameters(x, x′, n); we will denote the solution a
y(0)(x, x′, n). The superscript(0) is a reminder that these results are valid only in the ra
of (x, x′, n) in which no gauge invariant operators have hit the unitarity bound; other
(2.9)will require corrections as in(2.3). Within this range of(x, x′, n), we can also use th
Lagrange multiplier approach. Imposing(2.7)with Lagrange multipliers yields the simp
expressions(1.17), which can be interpreted as the running R-charges along the RG
coinciding with the R-charges obtained above fromy(0)(x, x′, n) at the RG fixed point.

The first gauge invariant, chiral, composite operatorsO to hit the unitarity bound
R(O) � 2/3 are the mesonsM ≡ QQ̃ or M ′ ≡ Q′Q̃′. M hits the unitarity bound whe
y(x, x′, n) � 1/3; using(1.6), this happens whenQ has the large, negative anomalous
mension,γQ(x, x′, n) < −1, which can only happen if(x, x′, n) are such that the RG fixe
point values of the gauge couplings are large. The above resulty(0)(x, x′, n) is valid within
the range of(x, x′, n) where neitherM or M ′ have hit their unitarity bound, i.e., the ran
of (x, x′, n) wherey(0)(x, x′, n) > 1/3 and whereR(Q′) � 1/3, with R(Q′) computed
from y(0)(x, x′, n) via (2.8). Outside of this range, the abovea-maximization analysis ha
to be supplemented, as in(2.3), to account for the accidental symmetries associated
operators hitting the unitarity bound and becoming free fields.

For general(x, x′, n) the gauge operators that will hit the unitarity bound are:

Mj = Q(X̃X)j−1Q̃, M ′
j = Q′(X̃X)j−1Q̃′,

(2.10)Pj = Q(X̃X)j−1X̃Q̃′, P̃j = Q̃X(X̃X)j−1Q′.

For every integerj � 1, there areNf N ′
f mesonsPj and P̃j , N2

f mesonsMj , andN ′2
f

mesonsM ′
j . We verified that it is self-consistent to assume that the baryon operato
not hit the unitarity bound; also, gauge invariants without fundamentals, such as Tr(XX̃)j ,
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contribute negligibly in the largeN limit. The quantity to maximize in general is then

a(p)/N2
f = ã(0)/N2

f + 2n

9

pP∑
j=1

[
2− 3R(Pj )

]2[5− 3R(Pj )
]

+ 1

9

pM∑
j=1

[
2− 3R(Mj)

]2[5− 3R(Mj)
]

(2.11)+ n2

9

pM ′∑
j=1

[
2− 3R(M ′

j )
]2[5− 3R(M ′

j )
]
,

wherep denotes{pP ,pM,pM ′ }, with pP = p
P̃

the number ofP (and alsoP̃ type) mesons
which have hit the unitarity bound. The quantities such asR(Mj) in (2.11) are given
by, e.g.,R(Mj) = R[Q(XX̃)j−1Q̃] = 2y + 2(j − 1)R(X), with R(X) given by (2.8);
so the corrections in(2.11) are complicated functions of the variabley that we’re max-
imizing with respect to, along with the parameters(x, x′, n). Maximizing (2.11) yields
y(p)(x, x′, n), andy(x, x′, n) is obtained by pasting these together, with the approp
values ofp depending on(x, x′, n), increasing, e.g.,pM every time another value ofj is
obtained such thatR(Mj) hits 2/3. We numerically implemented this process to obt
y(x, x′, n), but it’s difficult to produce an illuminating plot of a function of three variabl

Let us discuss some qualitative aspects of our results. Fromy(x, x′, n) we can compute
the anomalous dimensionsγQ, γX , andγQ′ , using(1.6), and we find that all are negativ
within the range(2.6)where the RG fixed point (C) can exist. This is to be expected, sin
our theory(1.1) has only gauge interactions, and no superpotential (gauge intera
yield negative anomalous dimension, and superpotentials yield positive contributio
the anomalous dimensions). When either inequality(2.6) is violated, the theory flows no
to (C), but rather to RG fixed points (A) or (B), as inFig. 2and the abovea-maximization
analysis, which assumed in(2.7) that both groups are interacting, is inapplicable. At
boundaries of(2.6), where either inequality is saturated, oura-maximization results prop
erly reduce to(1.10)or (1.11).

It is interesting to note that there is a 1d slice of the(x, x′, n) parameter space, give
by x = x′ andn = 1, for which thea-maximization analysis of this theory coincides w
that of [14] for SU(Nc) SQCD withNf fundamentals and an added adjoint. In this sl
for every contribution to the quantityatrial to maximize in[14], we have here two analo
gous matter fields in the spectrum of our theory, with the same R-charges: twice as
gauge fields, twice as many fundamentals (Q andQ′ and conjugate), theX andX̃ fields
contribute as two adjoints (using(2.8) for x = x′ andn = 1), and all the mesons(2.10)
hitting the unitarity bound map to two copies of the mesons hitting the unitarity b
in [14]. Thus, forx = x′ andn = 1, (2.11)is exactly twice the expression obtained in[14]
for the theory considered there. Sinceatrial is the same function ofy, up to a factor of
2, it is maximized by the same solutionyKPS(x) obtained by the analysis of[14]. So the
superconformal R-charges of our theory(1.1)satisfyy(x, x′, n)|x=x′,n=1 = yKPS(x).

For x ≈ x′ taken to be very large, i.e.,Nc ≈ N ′
c 	 Nf , the superconformal R-charg

of the fieldX goes to zero,R(X) → 0, for arbitrary fixed values ofn ≡ N ′
f /Nf , as seen
from (2.8), and the fact thaty remains finite in this limit. The asymptotic valueyas(n) in
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thisx = x′ → ∞ limit is determined by our numericala-maximization analysis, but it ca
also be approximated analytically. Because many mesons contribute to the sums(2.11), the
sums can be approximated as integrals (following[14])

(2.12)

1

9

p∑
j=1

[2− 3Rj ]2[5− 3Rj ] ≈ 1

27β

2−3α∫
0

u2(3+ u)du = 1

18β
(2− 3α)3

(
1− 1

2
α

)
,

whereα andβ are defined byRj ≡ α + (j − 1)β (andu ≡ 2 − 3Rj ). The upper limitp
in the sum is solved for by settingRp = α + (p − 1)β equal to 2/3. Applying (2.12) to
the sums in(2.11), β = R(XX̃) = 2R(X) for all three, and for the first sum in(2.11)α =
R(QX̃Q̃′) = y + R(Q′) + R(X), while for the second and thirdα = 2y andα = 2R(Q′)
respectively; here,R(X) andR(Q′) are to be written in terms of the variabley and the
parameters(x, x′, n) using(2.8).

Settingx = x′ and taking both large,(2.11)then becomes

a/N2
f � 6x

[
1+ 1

n2

]
(y − 1)3 − 20x(y − 1) + x

36
[2− 6y]3

(2.13)+ xn

36

[
6

n
(1− y) − 4

]3

+ xn

36

(
1+ 1

n

)[
3(1− y)

(
1+ 1

n

)
− 4

]3

.

The first line of(2.13) is the largex = x′ limit of (2.9), and the second line contains t
meson sums of(2.11), evaluated using(2.12). Note that every term in(2.13) is linear2

in x in this limit, so maximizing(2.13)w.r.t. y yields an asymptotic value,yas(n), that’s
independent ofx in this limit of large x = x′. This asymptotic value depends onn ≡
N ′

f /Nf , and the conditions(2.6)needed for neither gauge coupling to drive the other to
IR free here requiren to lie in the range

(2.14)3> n >
1

3
for x = x′ → ∞.

As expected from the discussion above, forn = 1 (2.13)reduces to twice the expressio
obtained in the largex analysis of[14], and forn = 1 our expression foryas(n) coincides
with the asymptotic largex value ofy obtained there:yas(n)|n=1 = (

√
3− 1)/3.

The asymptotic valueyas(n) will be used in the next section to find the minimal value
x ≈ x′ needed for the superpotential∆WA2k+1 ≡ Tr(XX̃)k+1 to be a relevant deformatio
of RG fixed point (C) in the limit of largek. This gives one side of the superconform
window for the duality of[5] (seeFig. 7). We have also checked, including away from
strict x = x′ limit, that R(X) is nowhere negative, i.e., using(2.8) that the a-maximizing
solutiony(x, x′, n) satisfies 1− y(x, x′, n) + x′ − x > 0. This is important for the self
consistency of our analysis since, ifR(X) were negative, baryonic operators, formed

2 The fact that the expression in(2.13)grows for largex only linearly is a check of the conjectureda-theorem.

Any greater exponent would’ve led toa-theorem violations, e.g., along a Higgs flat direction whereXX̃ gets an
expectation value, higgsing eachSU(Nc) gauge group factor to products of similar factors. This flat directio
analogous to that considered in a non-trivial check of thea-theorem in[14] (where it is also pointed out that th

sub-leading constant term must be—and indeed is—negative for thea-theorem to hold for this Higgs RG flow).
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Fig. 7. Thex/k conformal window: the upper line is the stability bound 1+ n, the middle line is 1+ nỹas(n) and
the lower line is 1− yas(n).

dressing the quarks with many powers ofXX̃, would hit the unitarity bound and lead
additional contributions analogous to(2.3).

3. The theory with WA2k+1 = Tr(XX̃)k+1 and its dual

In [5] it was proposed that our theory(1.1), together with a superpotentialWA2k+1 =
Tr(XX̃)k+1 has a dual given by a similar theory:

(3.1)

gauge group: SU(Ñc) × SU(Ñ ′
c)

matter: Y ⊕ Ỹ ( , ) ⊕ ( , ),

qf ⊕ q̃
f̃

( ,1) ⊕ ( ,1) (f, f̃ = 1, . . . ,N ′
f ),

q ′
f ′ ⊕ q̃ ′

f̃ ′ (1, ) ⊕ (1, ) (f ′, f̃ ′ = 1, . . . ,Nf ),

whereÑc = (k + 1)(Nf + N ′
f ) − Nf − N ′

c and Ñ ′
c = (k + 1)(Nf + N ′

f ) − N ′
f − Nc.

There are also singletsPj , for j = 1, . . . , k, andMj andM ′
j for j = 1, . . . , k + 1, with

superpotential

W = Tr(Y Ỹ )k+1 +
k∑

j=1

[
PjqỸ (Y Ỹ )k−j q̃ ′ + P̃j q̃

′(Y Ỹ )k−j Yq
]

(3.2)+
k+1∑
j=1

[
Mjq

′(Ỹ Y )k−j+1q̃ ′ + M ′
j q̃(Y Ỹ )k−j+1q

]
.

The first term is the dual analog of theWA2k+1 superpotential, and the remaining terms
analogs of theMqq̃ superpotential in Seiberg duality[1].

The duality is useful within a superconformal window, which is the range of the

rameters(x, x′, n), where the superpotentialWA2k+1 and its dual analog in(3.2) are both
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relevant in controlling the IR dynamics, i.e., when the following conditions are satisfi

(3.3)(i) R(X) = 1− y(x, x′, n)

x′ + 1− x

x′ <
1

k + 1
,

(3.4)(ii ) R(Y ) = 1− ỹ(x̃, x̃′, ñ)

x̃′ + 1− x̃

x̃′ <
1

k + 1
,

(3.5)
(iii ) (k + 1)(Nf + N ′

f ) − Nf − N ′
c > 0, (k + 1)(Nf + N ′

f ) − N ′
f − Nc > 0.

If (i) is not satisfied,Welec= Tr(XX̃)k+1 is an irrelevant deformation of RG fixed poi
(C), and thusWelec → 0 in the IR; this fact is obscured in the magnetic dual desc
tion. Likewise, if (ii) is not satisfied, one should use the magnetic description, with
coefficient of the Tr(Y Ỹ )k+1 superpotential term flowing to zero in the IR; the elec
description then does not readily describe the true RG fixed point. Finally, conditio
is the “stability bound”, needed for the RG fixed point to exist (and for the dual gr
(3.1) to have positive ranks): if(3.5)are not satisfied, the electric theory(1.1)with WA2k+1

superpotential dynamically generates a superpotential, spoiling conformal invarianc
Using the results of the previous subsection, we can now determine the ran

(x, x′, n) in which condition(3.3) is satisfied, for Tr(XX̃)k+1 to be relevant. Thek = 0
case is a mass term and(3.3) is then always satisfied (starting withW = 0 at (C), all fields
haveR � 2/3). For allk > 1, (3.3)is only satisfied in subspaces of the(x, x′, n) parameter
space for which the RG fixed point is at sufficiently strong enough coupling to giveX a
sufficiently negative anomalous dimension. The largerk is, the more strongly coupled th
RG fixed point must be in order to have(3.3) be satisfied. For arbitrarily largek, there
is a nonempty range of(x, x′, n) in which (3.3) is satisfied: as we saw in the previo
subsection,R(X) → 0 in parts of the parameter space. Let us consider, for example
parameter slicex = x′ and ask when(3.3)is satisfied for large values ofk. Since satisfying
(3.3) for largek requires largex, we can replacey(x, x′, n) in (3.3) with the asymptotic
valueyas(n) obtained by maximizing(2.13). Then the condition(3.3)for the superpotentia
to be relevant becomes

(3.6)x > xmin(n) ≈ k
(
1− yas(n)

)
for k 	 1.

The above analysis of the electric theory gives one edge of the superconformal w
of the parameters(x, x′, n) for the duality of[5]. The other edge of the window is obtain
by determining the range of these parameters in which(3.4) is satisfied, for theWA2k+1

superpotential to be relevant in the magnetic theory. Again, we simplify the analys
taking the numbers of flavors and colors in the electric theory to be large, so the s
true in the magnetic theory. The ratios on the magnetic side are defined to bex̃ ≡ Ñc/N

′
f ,

x̃′ ≡ Ñ ′
c/N

′
f , andñ ≡ Nf /N ′

f , which are related to the electric ones(1.18)as

x̃ = (k + 1)
(
1+ n−1) − n−1 − x′n−1,

(3.7)x̃′ = (k + 1)
(
1+ n−1) − 1− xn−1, ñ = n−1.

In the magnetic theory(3.1), we assume that both magnetic gauge groups remain inte

ing. The superconformal R-charge is constrained by the magnetic analog of(2.7), that
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it be anomaly free w.r.t. both gauge groups. As in(2.8), we can use this to solve fo
R(Y ) = R(Ỹ ) andR(q ′) = R(q̃ ′) ≡ ỹ′ in terms ofR(q) = R(q̃) ≡ ỹ:

(3.8)R(Y ) = 1− ỹ

x̃′ + 1− x̃

x̃′ , ỹ′ = x̃

ñx̃′ (ỹ − 1) + x̃2

ñx̃′ − x̃′

ñ
+ 1.

The contribution to the magnetic̃atrial from the fields in(3.1) is

ã(0)/N ′2
f = 2x̃2 + 2x̃′2 + 6x̃(ỹ − 1)3 − 2x̃(ỹ − 1)

+ 6ñx̃′
[

x̃

ñx̃′ (ỹ − 1) + x̃2

ñx̃′ − x̃′

ñ

]3

− 2ñx̃′
[

x̃

ñx̃′ (ỹ − 1) + x̃2

ñx̃′ − x̃′

ñ

]

(3.9)+ 6x̃x̃′
[

1− ỹ

x̃′ − x̃

x̃′

]3

− 2x̃x̃′
[

1− ỹ

x̃′ − x̃

x̃′

]
.

To this we must add the contributions from the singletsPi , P̃j , Mi , M ′
j . Each of these field

couples only via a superpotential term in(3.2)and, initially taking that singlet’s R-charg
to be 2/3, that superpotential term may be relevant or irrelevant in the IR. If it is rele
then the singlet’s R-charge is determined by the requirement that the superpotenti
haveR = 2 total in the IR. If it is irrelevant, the singlet is a free field, withR = 2/3. If
we assume that the lastpP Pj ’s (andP̃j ’s), the lastpM Mj ’s, and the lastpM ′ M ′

j ’s are
interacting, then the quantity to maximize is

ã(p)/N ′2
f = ã(0)/N ′2

f + 2ñ

9

pP∑
j=1

(
2− 3αP

j

)2(
5− 3αP

j

)

+ ñ2

9

pM∑
j=1

(
2− 3αM

j

)2(5− 3αM
j

) + 1

9

pM ′∑
j=1

(
2− 3αM ′

j

)2(5− 3αM ′
j

)

(3.10)+ 4ñ

9
(k − 2pP ) + 2ñ2

9
(k + 1− 2pM) + 2

9
(k + 1− 2pM ′),

where we define

αP
j ≡ ỹ + x̃

ñx̃′ (ỹ − 1) + x̃2

ñx̃′ − x̃′

ñ
+ 1+ (2j − 1)

[
1− ỹ

x̃′ + 1− x̃

x̃′

]
,

αM
j ≡ 2

[
x̃

ñx̃′ (ỹ − 1) + x̃2

ñx̃′ − x̃′

ñ
+ 1

]
+ 2(j − 1)

[
1− ỹ

x̃′ + 1− x̃

x̃′

]
,

(3.11)αM ′
j ≡ 2ỹ + 2(j − 1)

[
1− ỹ

x̃′ + 1− x̃

x̃′

]
.

The additional terms in(3.10)are the contributions from the singlets (see Section 6 of[17]
for a detailed discussion of an analogous example). The full solutionỹ(x̃, x̃′, ñ) is obtained
by patching together the maximizing solutions of(3.10)with the appropriate values ofpM ,
pM ′ , andpP , depending on(x̃, x̃′, ñ), given by the largest integerj ’s such that theαj in
(3.11)satisfyαj � 4/3 (where the corresponding superpotential term becomes irrelev

For any given value ofk, we can use the numericala-maximization analysis to dete

mine the range of(x̃, x̃′, ñ), and thus the range of electric parameters(x, x′, n), in which



50 E. Barnes et al. / Nuclear Physics B 716 (2005) 33–64

er

ms

m

pty,
s is
e

he
owed
of
the condition(3.4) for ∆W = Tr(Y Ỹ )k+1 to be relevant is satisfied. Using(3.7), we will
express this in terms of the electric parameters(x, x′, n). To be concrete, let us consid
the limit of largek. The condition(3.3)on the electric side gave the inequality(3.6), which
shows thatx ≈ x′ must get large, linearly ink, in the largek limit, while n is restricted
to the range(2.14). Then(3.7)givesx̃ ≈ x̃′ ≈ k(1+ n−1) − xn−1, and the condition(3.4)
will require x̃ to also be large. In this limit of largẽx ≈ x̃′, (3.11)becomes

ã/N ′2
f � 6x̃

[
1+ 1

ñ2

]
(ỹ − 1)3 − 20x̃(ỹ − 1)

+ x̃ñ

36

(
1+ 1

ñ

)[
3(1− ỹ)

(
1+ 1

ñ

)
− 4

]3

+ 4x̃

9

[
ñỹ

1− ỹ
− 1

]
+ x̃ñ

36

[
6

ñ
(1− ỹ) − 4

]3

+ 2ñx̃

9

[
ñ

1− ỹ
− 2

]

(3.12)+ x̃

36
[2− 6ỹ]3 + 2x̃(2ỹ − 1)

9(1− ỹ)
+ 2k

9
(ñ + 1)2.

The first two terms are the largẽx ≈ x̃′ limit of (3.9), and the rest are the remaining ter
in (3.10), with sums evaluated using(2.12)(modifying the lower limit of the integral(2.12)
to be 2−3R = −2, rather than 0, sinceαj = 4/3 is the limit where the superpotential ter
becomes irrelevant). Maximizing(3.12)with respect tõy givesỹas(ñ).

The condition(3.4) for Tr(Y Ỹ )k+1 to be relevant can then be written fork 	 1 as

(3.13)
(1− ỹas)n

k(n + 1) − x
<

1

k
.

Rearranging and combining with(3.6), the electric and magnetic conditions(3.3)and(3.4)
can be written together fork 	 1 as

(3.14)1− yas(n) <
x

k
< 1+ nỹas(n) for x ≈ x′ andk 	 1.

For the duality (3.1) of[5] to be useful, and the superconformal window be nonem
the inequalities at the two ends of(3.14)had better be compatible with each other. Thi
verified to indeed be the case, as seen in the plots inFig. 7, for the entire allowed rang
(2.14)of n. The vertical axis ofFig. 7gives the allowed values ofx/k, for a given value of
n, and the superconformal window is the region between the lower two curves onFig. 7.
There is also the stability bound conditions(3.5), which in ourk 	 1 limit, with x ≈ x′
scaling linearly ink, can both be written asx/k < 1+n. In the plot ofFig. 7, the upper line
is the stability bound, and the values ofx/k in the superconformal window, between t
lower two curves, is indeed always safely below the stability bound for the entire all
range ofn. All of these successes can be viewed as reassuring checks of the duality[5].

For the casex = x′, n = 1, the conformal window plotted inFig. 7coincides with that

obtained in[14] for SQCD with an adjoint, for the reason discussed above.
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4. Dualizing one gauge group

With product gauge groups, such as(1.1), we can consider dualizing one of the gau
groups, treating the other gauge group as a spectator. The validity of doing this de
scrutiny, because duality is only exact at the IR fixed point. Dualizing away from th
treme IR can be potentially justified if the dualized group’s dynamical scale is far a
that of the other “spectator” group,Λd 	 Λs (and then holomorphic quantities can be a
alytically continued inΛd/Λs ) or if one group gets strong while the other gets weak in
IR (as in string theory examples, see, e.g.,[23,24]).

Let us consider theSU(Nc) × SU(N ′
c) theory (1.1), and consider dualizingSU(Nc),

supposing that it is valid to treatSU(N ′
c) as a weakly gauged flavor symmetry spectator.

will suppose that the original electric theory satisfies(2.6), so that both electric coupling
RG flow to nonzero values. (If the second inequality(2.6) is violated,SU(N ′

c) is IR free,
and thus reasonably treated as a spectator. But if the first inequality in(2.6) is violated
thenSU(Nc) is actually IR free, and the validity of dualizing it withSU(N ′

c) treated as
a spectator is questionable.) TheSU(Nc) group hasNf + N ′

c flavors and its Seiberg[1]
dual hasSU(Ñc) gauge group, withÑc ≡ Nf + N ′

c − Nc, with Nf + N ′
c flavors of dual

quarks and(Nf + N ′
c)

2 singlet mesons. The stability condition(2.5)ensures that̃Nc > 0.
GaugingSU(N ′

c)mag, with the subscript as a reminder that its spectrum now differs f
that of(1.1), the dual is

(4.1)

gauge group: SU(Ñc) × SU(N ′
c)mag

matter: Y ⊕ Ỹ ( , ) ⊕ ( , ),

qf ⊕ q̃
f̃

( ,1) ⊕ ( ,1) (f, f̃ = 1, . . . ,Nf ),

Q′
f ′ ⊕ Q̃′

f̃ ′ (1, ) ⊕ (1, ) (f ′, f̃ ′ = 1, . . . ,N ′
f ),

F ′
n′ ∼ XQ̃ ⊕ c.c. (1, ) ⊕ (1, ) (n′, ñ′ = 1, . . . ,Nf ),

Mf,g̃ ∼ QQ̃ (1,1) (f, g̃ = 1, . . . ,Nf ),

Φ ∼ XX̃ (1,Adj) ⊕ (1,1),

with the superpotential of[1] yielding

(4.2)W = Mqq̃ + YF ′q̃ + Ỹ qF̃ ′ + ΦYỸ .

The one loop beta function coefficients of the electric theory(1.1)were

(4.3)b1 = 3Nc − N ′
c − Nf and b′

1 = 3N ′
c − Nc − N ′

f

(writing b1 > 0 if asymptotically free), and those of the dual(4.1)are

(4.4)b
mag
1 = 2Nf + 2N ′

c − 3Nc and b
′mag
1 = N ′

c + Nc − 2Nf − N ′
f .

Note thatb′mag
1 differs from b′

1, because theSU(N ′
c)mag fields in (4.1) differ from those

of the originalSU(Nc) × SU(N ′
c) theory(1.1); in fact,b′

1 − b
′mag
1 = 2(Nf + N ′

c − Nc) =
2Ñc > 0, soSU(N ′

c)mag is always less asymptotically free than the electricSU(N ′
c) in the

UV. Ignoring theSU(N ′
c)magdynamics, we’d conclude that the magneticSU(Ñc) is IR free

if Nf + N ′
c < 3

2Nc; we will discuss here how theSU(N ′
c)mag dynamics can dramaticall
affect when the magnetic group is actually IR free.
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The important quantities for the IR dynamics are the exact beta functions for the t
(4.1), which are

βgmag = −3g3
magf

16π2
TrSU(Ñc)

2R,

(4.5)βg′
mag

= −3g′3
magf

′

16π2
Tr SU(N ′

c)
2
magR,

where againf andf ′ are unimportant, positive, scheme dependent factors. The beta
tions(4.5)can be written in the usual NSVZ form using(1.6), which gives

3 TrSU(Ñc)
2R = b

mag
1 + N ′

cγY + Nf γq,

(4.6)3 TrSU(N ′
c)

2
magR = b

′mag
1 + ÑcγY + N ′

f γQ′ + Nf γF ′ + N ′
cγΦ.

As with the electric theory, the dual(4.1)has three possible RG fixed points,

(Ã) gmag∗ �= 0, g′
mag∗ = 0,

(4.7)i.e.,SU(N ′
c)mag free and TrSU(Ñc)

2R|
Ã

= 0,

(B̃) gmag∗ = 0, g′
mag∗ �= 0,

(4.8)i.e.,SU(Ñc) free and TrSU(N ′
c)

2
magR|

B̃
= 0,

(C̃) gmag∗ �= 0, g′
mag∗ �= 0

(4.9)so TrSU(Ñc)
2R|

C̃
= TrSU(N ′

c)
2
magR|

C̃
= 0,

which are depicted inFig. 8. RG fixed point(Ã) is simply the Seiberg dual descriptio
of RG fixed point (A) of the original electric theory (withSU(N ′

c) part of the global fla-
vor symmetry). We expect that RG fixed point(C̃), when it exists, is an equivalent, du
description of the SCFT at RG fixed point (C) of the original electric theory(1.1). The
qualifier “when it exists” is because, as in the electric description, the RG flow may
like that ofFig. 2rather than that ofFig. 1. In the electric description, the condition for th
RG fixed point (C) to exist is(1.16). We will determine its analog in the magnetic theo
(4.1), for (C̃) to exist, by analyzing the IR stability of the RG fixed points(Ã) and(B̃) to
Fig. 8. The process of dualizing one group.
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small nonzero perturbations in the couplings that are set to zero in(4.7)and(4.8), in anal-
ogy with Fig. 5. We will find that, for a particular range of flavors and colors, the the
(4.1)with superpotential(4.2)realizes the RG flow depicted inFig. 3: even if the one-loop
beta function might suggest thatSU(Ñc) is IR free, it can be driven to be interacting by t
interactions of the other gauge group and the superpotential.

Finally, we note that RG fixed point(B̃) is not the dual of RG fixed point (B): as duality
exchanges strong and weak coupling, the RG fixed point(B̃), where the magneticSU(Ñc)

is free, corresponds to strongly coupled electricSU(Nc). In cases where RG fixed poi
(B̃) is IR stable, our interpretation is that the electric side appears to flow to intera
RG fixed point (C), but the magnetic dual reveals that the theory actually flows inste
having a free magneticSU(Ñc), at the RG fixed point(B̃).

4.1. The RG fixed point(Ã) and its IR stability tog′
mag perturbations

RG fixed point(Ã) is the Seiberg dual description of RG fixed point (A) of the orig-
inal electric theory. All of the superconformal R-charges at(Ã) are immediately com
putable from the dual matter content(4.1)and superpotential, or from the Seiberg dua
map[1] and the superconformal R-charges at RG fixed point (A) in the electric descrip
tion. Either way, the result is:R(Y ) = R(q) = Nc/(Nf + N ′

c), R(M) = R(F ′) = R(Φ) =
2 − 2Nc/(Nf + N ′

c), andR(Q′) = 2/3. Using(4.5), we see thatg′
mag is an IR relevant

perturbation of(Ã) if Tr SU(N ′
c)

2
magR|

Ã
is positive, or an IR irrelevant perturbation if

is negative. This ’t Hooft anomaly is easily directly computed, or we can use the fac
’t Hooft anomalies match in Seiberg duality[1] (sinceSU(N ′

c) is a subgroup of the flavo
group), so TrSU(N ′

c)
2
magR|

Ã
= TrSU(N ′

c)
2R|A. The RG fixed point(Ã) of the dual theory

is thus IR stable if precisely the same inequality(1.14) found in the electric descriptio
holds. So our first necessary condition for RG fixed point(C̃) to exist, at least within the
domain of attraction of the UV fixed point at zero couplings, is that the opposite ineq
of (1.14)should hold,

(4.10)(3N ′
c − N ′

f )(N ′
c + Nf ) − 3N2

c > 0,

to have(Ã) be IR repulsive. It is satisfying to see that the magnetic(Ã) RG fixed point is
IR repulsive precisely when the electric RG fixed point (A) is. It is hard to imagine how i
could have been otherwise, given that the RG fixed points (A) and(Ã) are identified.

4.2. The RG fixed point(B̃) and its IR stability togmag perturbations

This case is considerably more difficult than that of the previous subsection,a-
maximization is needed to determine the superconformal R-charges at RG fixed poi(B̃).
Notice that, with theSU(Ñc) gauge coupling set to zero at(B̃), theSU(N ′

c)mag spectrum
in (4.1) is the same as that analyzed in[14]: SQCD with an additional adjoint. But he
the a-maximization analysis is further complicated by the presence of the superpo
in (4.1), which couples some of theSU(N ′

c)mag fundamentalsY to the adjointΦ, and also

to fundamentalsF ′ andSU(N ′

c)mag singletsq. Rather than maximizingatrial as a function
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of one variable,y, depending on one parameter,x, as in[14], we will have here to maxi
mizeatrial as function of two variables,R(Q′) ≡ u andR(Φ) ≡ v, depending on the thre
parameters(x, x′, n) of (1.18).

Let us consider the constraints on the superconformalU(1)R at (B̃). Havingβg′
mag

= 0

requires TrSU(N ′
c)

2
magR|

B̃
= 0 (4.8):

(4.11)
N ′

c + Ñc

(
R(Y ) − 1

) + N ′
f

(
R(Q′) − 1

) + Nf

(
R(F ′) − 1

) + N ′
c

(
R(Φ) − 1

) = 0.

The superpotential terms(4.2) further impose

(4.12)R(Y ) + R(F ′) + R(q) = 2 and R(Φ) + 2R(Y ) = 2.

Note that the first term in the superpotential(4.2) is irrelevant forgmag= 0, since none o
its fields are charged underSU(N ′

c), soM is a free field, withR(M) = 2/3. The constraints
(4.11)and(4.12)are three constraints on five R-charges; they can be solved for

R(Y ) = 1− 1

2
v, R(q) = 1

2
(x + x′)v + n(u − 1),

(4.13)R(F ′) = 1+ n(1− u) + 1

2
(1− x − x′)v,

with R(Q′) ≡ u, R(Φ) ≡ v, and(x, x′, n) defined as in(1.18). a-maximization w.r.t.u and
v is needed to determine the values ofu(x, x′, n) andv(x, x′, n).

Once we have determined the superconformal R-charges at(B̃), we can determine
whether or not(B̃) is stable to nonzerogmag perturbations. We see fromβgmag in (4.5)

thatgmag is a relevant perturbation of(B̃) if Tr SU(Ñc)
2R|

B̃
> 0, i.e., if

3Ñc − Nf − N ′
c + Nf γq + N ′

cγY > 0,

(4.14)i.e., if −Nc + Nf R(q) + N ′
cR(Y ) > 0.

This condition, together with(4.10), are the necessary conditions for RG fixed point(C̃) to
exist (at least within the domain of attraction of zero couplings). If the inequality in(4.14)
is not satisfied, RG fixed point(B̃) is IR attractive, and then we expect RG flows fro
generic values of the couplings to end up there in the IR. So if(4.14) is not satisfied, the
original electric theory(1.1)flows to having a free magneticSU(Ñc) in the IR.

The condition(4.14), for SU(Ñc) to not be free magnetic in the IR, is generally ve
different from the naive criterion,Nf + N ′

c > 3
2Nc, based on whenSU(Ñc) is asymptot-

ically free in the UV. The difference is that(4.14)accounts for theSU(N ′
c)mag dynamics.

If the numbers of flavors and colors are chosen such that theSU(N ′
c)mag matter spectrum

is just barely asymptotically free (i.e.,b′mag
1 in (4.4) is small and positive), then the R

fixed point couplingg′
mag at (B̃) is small. In this case, theSU(N ′

c)mag dynamics does no

much affect the running of theSU(Ñc) couplinggmag. In particular, when(B̃) is at weak
coupling, thea-maximization results properly giveR(q) ≈ 2/3 andR(Y ) ≈ 2/3, since
these fields are approximately free. We then find that(4.14)gives approximately the stan

dard condition from Seiberg duality[1] for the magnetic dualSU(Ñc) to be interacting
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rather than IR free,Nf + N ′
c > 3

2Nc, which is the condition thatgmag be an IR relevan
perturbation of free theory atgmag= g′

mag= 0.
On the other hand, when the number of flavors and colors are such thatSU(N ′

c)mag is
very much asymptotically free, i.e.,b

′mag
1 in (4.4) is positive and large, the RG fixed poi

(B̃) is at strongSU(N ′
c)mag coupling. In this case, theSU(N ′

c)mag dynamics can radically
affect whether or not theSU(Ñc) coupling gmag is relevant. Indeed, depending on t
values of(x, x′, n), this theory can realize the flow ofFig. 3: even ifNf + N ′

c � 3
2Nc, so

SU(Ñc) is IR free aroundgmag= g′
mag= 0, the condition(4.14) for SU(Ñc) to be an IR

interacting deformation of(B̃) can nevertheless be satisfied. In short, theSU(N ′
c)mag has

driven an otherwise IR freeSU(Ñc) theory to instead be IR interacting. We will focus
this phenomenon ofFig. 3 in the rest of this subsection.

To have(4.14) be satisfied whenbmag
1 < 0 requires thatq and/or Y have positive

anomalous dimension, i.e., R-charge greater than 2/3, at the RG fixed point (B). Posi-
tive anomalous dimensions are possible provided that there is aWtree superpotential, a
in the case here(4.2): gauge interactions make negative contributions to the anoma
dimensions, and superpotential interactions make positive contributions. As we wil
discuss, there is indeed a range of parameter space of flavors and colors for the m
theory(4.1)where the anomalous dimensions are sufficiently positive so as to have(4.14)
satisfied, despite havingbmag

1 < 0, realizing the effect ofFig. 3. (See also the example[19].)
Though thea-maximization analysis at RG fixed point(B̃) is standard, it is computa

tionally intensive. Using the spectrum(4.1) and(4.13), we compute the combination o
’t Hooft anomaliesa(0) = 3 TrR3 − TrR, as a function of the two variables,(u, v), and
the parameters(x, x′, n). Depending on(x, x′, n), we have to also add the additional co
tributions (2.3) for any gauge invariant operators withR � 2/3. (The operators hitting
the unitarity bound are found to beQ′Φj−1Q̃′, Q′Φj−1F̃ ′, andF ′Φj−1F̃ ′ for values of
j = 1, . . . increasing withx andx′, as the RG fixed point(B̃) becomes more and mo
strongly coupled.) Again, we implemented thisa-maximization analysis numerically, u
ing Mathematica. While the numerics are similar in spirit to our previous cases, th
that here we’re maximizing a function of two, rather than one, variables, as a funct
the three parameters, greatly prolongs the required computational timescale.

Let us focus on an interesting range of parameter space, where we take the par
x andx′ to be large. This is an interesting region of parameter space because th
fixed point(B̃) is at very strongSU(N ′

c)mag gauge coupling (as seen from the fact that
one-loop beta function is very large). For largex andx′, there are terms quartic inx in
a(0) = 3 TrR3 − TrR, coming from theO(x) terms inR(q) andR(F ′) in (4.13). Note,
however, that theO(x) terms in(4.13)all appear multiplied byv, so the leading terms fo
largex transform homogeneously, with degree one, underx → λx andv → λ−1v, e.g., the
quartic term ina(0) is ∼ x4v3. When we include the contributions from the meson hitt
the unitarity bound, we find that they also have a leading largex term which is degree on
under this scaling. Because of this homogeneity, when we maximize w.r.t.v for largex,
we findv ∼ 1/x, and the value ofa at its maximum is linear inx, since it’s degree one i
the above rescaling. (The fact that the central charge of the SCFT grows linearly ix is

a check of thea-theorem conjecture, since there is a higgsing RG flow analogous to that
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of [14] which would violate thea-theorem with any higher degree.) To study the limit
largex, we can thus scaleλ → ∞, keeping only the terms of degree one inλ.

In this scaling limit,R(Φ) ≡ v → λ−1v → 0 for λ → ∞. Then(4.13)givesR(Y ) → 1,
while R(Q′) ≡ u, R(q), andR(F ′) asymptote to some finite values that are determi
by a-maximization. Thea-maximization answer for these quantities, in our limit of la
x andx′, can also be obtained by borrowing thea-maximization results of[14]. The idea
is that theSU(N ′

c)mag gauge coupling at(B̃) is very strong for largex andx′, and the
SU(N ′

c)mag matter content that it couples to coincides with that of[14], and adjoint and
fundamentals. The theory at(B̃) differs from that of[14] only because of the superpote
tial interactions(4.2). If not for the superpotential interactions, thea-maximization result
of [14] would tell us thatR(Y ), R(Q′) andR(F ′) all asymptote to(

√
3 − 1)/3 ≈ 0.244

for x → ∞. The superpotential nonnegligibly affectsR(Y ): the ΦYỸ term requires tha
R(Y ) → 1, sinceR(Φ) → 0 for largex. But the superpotential negligibly affectsR(Q′)
andR(F ′) in the strongSU(N ′

c)mag coupling, largex limit. For example, though there
a termYF ′q̃ in the superpotential, its effect is to determine the R-charge of the othe
free fieldq, leavingR(Y ) → 1 andR(F ′) → (

√
3 − 1)/3 ≈ 0.244 unaffected. So in thi

largex limit we obtain (and the detaileda-maximization analysis bears this out)

(4.15)R(Y ) → 1 and R(q) → 1−
(√

3− 1

3

)
≈ 0.756, for largex andx′.

The condition(4.14)for gmag to be relevant at̃B is then (recalling(1.18))

(4.16)
N ′

c − Nc + Nf (0.756) > 0, i.e., x′ − x + 0.756> 0, for largex andx′.

This is very different from the condition thatgmag be asymptotically free forg′
mag = 0,

b
mag
1 > 0, i.e., 1+ x′ − 3

2x > 0, and(4.16)can be satisfied even whenbmag
1 < 0, i.e., we

can have

(4.17)1+ x′ − 3

2
x < 0 but neverthelessx′ − x + 0.756> 0;

for example, we can takex ≈ x′ → ∞. For values of(x, x′, n) such that the inequalitie
in (4.17)both hold, the RG flow is as inFig. 3: if SU(N ′

c)mag’s coupling were set to ex
actly zero, thenSU(Ñc) would be IR free, but any nonzeroSU(N ′

c)mag coupling would
eventually driveSU(Ñc) to be instead interacting in the IR.

4.3. The RG fixed point(C̃)

RG fixed point(C̃) exists if (Ã) and(B̃) are both IR unstable to perturbations in t
other coupling; we found this to be the case if(4.10) holds, and if, say for largex and
x′, (4.16) holds, respectively. When(C̃) exists, we expect that it’s an equivalent, du
description of the RG fixed point (C) of the original electric theory. We will here chec
that the superconformal R-charges are compatible with this identification.

At (C̃), the six independent superconformal R-charges, on the six lines of(4.1), are sub-

ject to five constraints: for vanishingβgmag andβg′

mag
, we require(4.9), TrSU(Ñc)

2R|
C̃

=
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2
magR|

C̃
= 0, along with three more constraints from requiring that the supe

tential terms(4.2) all have totalR(W) = 2. (All terms in(4.2) are relevant deformation
of theW = 0 theory whengmag∗ andg′

mag∗ are both nonzero.) There is thus a one-varia
family of R-charges, as for the electric RG fixed point (C). These constraints are comp
ible with the duality map identification of the fieldsF ′, M , andΦ in (4.1): the R-charges
of the dual theory(4.1) can be related to those of the original electric theory(1.1), with
R(Q) ≡ y as before, by

R(M) = 2y, R(F ′) = R(X) + y, R(Φ) = 2R(X),

(4.18)R(q) = 1− y, R(Y ) = 1− R(X),

with R(X) andR(Q′) given by(2.8) in terms of the variabley and parameters(x, x′, n).
We compute the same functiona(0)

trial = 3 TrR3 − TrR to maximize w.r.t.y as in the
electric theory(2.9), as expected from the ’t Hooft anomaly matching for the global fla
symmetries in Seiberg duality[1]. Compatible with our claim that the electric RG fix
point (C) is equivalent to the dual one(C̃), there is a one-to-one mapping of the opera
that have hit the unitarity bound. Corresponding to the operators(2.10)we have

Mj=1 ↔ M, Mj>1 ↔ F̃Φj−2F, M ′
j ↔ Q′Φj−1Q̃′,

(4.19)Pj ↔ F ′Φj−1Q̃′, P̃j ↔ F̃ ′Φj−1Q′.

So, even including the contributions of the operators hitting their unitarity bound, we
the sameatrial function of y and (x, x′, n) to maximize w.r.t.y, and hence the same s
perconformal R-charges are given by(4.18) with y(x, x′, n) the same superconform
R-charge as obtained by analyzing the electric theory(1.1).

5. Conclusions and comments

A general potential pitfall in applyinga-maximization is that one must really have t
full symmetry group under control, including all accidental symmetries, to obtain co
results. Overlooking some symmetries will lead to a value of the central chargeaSCFT
that is too low. Seiberg duality[1] shows that there can be highly nonobvious accide
symmetries, such as those acting on the free magneticSU(Nf − Nc) quarks and gluon
whenNf < 3

2Nc. More generally, without knowing the dual, we do not presently h
a way to look for such accidental symmetries, which do not act on any of the “obv
gauge invariant operators of the theory.

Ignoring the interplay of the two gauge couplings, the superconformal window o[1]
for each gauge group in(1.1)separately is

(5.1)
3

2
Nc < Nf + N ′

c < 3Nc,
3

2
N ′

c < N ′
f + Nc < 3N ′

c.

These are the conditions for points (A) and (B) to be interacting SCFTs, respectively. T
upper limits are needed for the electric coupling to not be driven to zero in the IR, an

lower limits are for the couplings of the dual[1] to not be driven to zero in the IR.
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Accounting for theg andg′ interplay, the conditions for point (C) to exist as a fully
interacting SCFT differ from(5.1). The upper limits of(5.1) should be replaced wit
the conditions(1.16), for neither electric gauge coupling to be driven to zero in the
Similarly, the duality of Section4 (assuming its validity) shows how the lower limits
(5.1) are modified, in order for neither magnetic gauge coupling to be driven to ze
the IR.

For example, takingx ≡ Nc/Nf andx′ ≡ N ′
c/Nf large, we found in Section4 that(B̃),

with gmag→ 0, is IR attractive if

(5.2)N ′
c − Nc + (0.756)Nf < 0, i.e., if x′ − x + 0.756< 0.

In this case, rather than flowing to the fully interacting RG fixed point (C), the theory flows
to the free magnetic point(B̃) in the IR, where the original electricSU(Nc) is very strongly
coupled, but itsSU(Nf + N ′

c − Nc) magnetic dual is IR free. There is then a large, n
obvious, accidental symmetry of the original electric theory when(5.2) holds. Likewise,
dualizing theSU(N ′

c) factor of(1.1), we find for largex andx′ that the apparent RG fixe
point (C) of the electric theory instead flows to having a free magneticSU(N ′

f +Nc −N ′
c)

group when

(5.3)Nc − N ′
c + (0.756)N ′

f < 0, i.e., if x − x′ + (0.756)n < 0.

So, for RG fixed point (C) to be fully interacting, rather than partially free magne
the lower limits in(5.1)are replaced, for largex andx′, with the conditions

(5.4)−(0.756)n < x − x′ < 0.756.

The range(5.4) is a subset of the stability range(2.5). Outside of the range(5.4), there
are nonobvious accidental symmetries. Within the range(5.4), we have no evidence fo
nonobvious accidental symmetries. If there had been any such nonobvious accident
metries, oura-maximization analysis of Sections2 and 3would have to be appropriate
modified. In particular, in our parameter slice of special interest in Sections2 and 3, x = x′,
i.e.,Nc = N ′

c, the magnetic duals remain fully interacting.
As we noted, forx = x′ andn = 1, thea-maximization analysis of our product grou

example(1.1)coincides with that in[14] for SU(Nc) with an adjoint andNf fundamentals
In the analysis of[14] of that latter theory, it was assumed that the only accidental sym
tries are the obvious ones, associated with gauge invariant operators hitting the u
bound. But, as in the example of[19], there is a possibility of a nonobvious acciden
symmetry, associated with a free-magnetic gauge group in a deconfining dual. The
the deconfining dual[25] is that the dual(3.1)of our theory(1.1)would look quite a lot like
SU(N ′

c) SQCD with an adjoint if we chose the flavors and colors such thatÑc = 1 in (4.1).
And a slight modification of the theory(1.1), with added fields and superpotential ter
(designed to eliminate the analog of(4.2)in the dual), will lead to precisely SQCD with a
adjoint and fundamentals, with no superpotental; see Table 8 of[26] for the needed field

content. It would be interesting to carry out thea-maximization analysis of that theory, and
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its duals, to determine whether or not any of the gauge groups of the deconfining du
become IR free.
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Appendix A. On the superconformal window of the other duals of [5]

A.1. Reviewing SU(Nc) SQCD, withNf fundamental flavors, and an adjointX

Let us briefly review thea-maximization analysis of Kutasov, Parnachev, and Saha
(KPS) [14] for this theory, withWtree = 0. The anomaly free superconformal R-char
of the fields areR(Q) = R(Q̃) ≡ y for the fundamentals andR(X) = (1 − y)/x for the
adjoint, wherex ≡ Nc/Nf . a-maximization determinesy(x) via maximizing

a
(p)

KPS(y, x)/N2
f

= 2x2 + x2
(

3

(
1− y

x
− 1

)3

−
(

1− y

x
− 1

))

+ 2x
(
3(y − 1)3 − (y − 1)

)
(A.1)+

p∑
j=0

(
2y + j

1− y

x
− 2

3

)2(
5− 3

[
2y + j

1− y

x

])
,

w.r.t.y; this has solutiony(p)(x). The sums account for the generalized mesonsQXjQ̃ hit-
ting their unitarity bound, withp the greatest integer such thatR(QXjQ̃) would naively
violated the unitarity bound. The solutionyKPS(x) is obtained by patching together th
functionsy(p)(x), with the appropriate value ofp depending onx. The functionyKPS(x)

is monotonically decreasing, with asymptotic valuey(x → ∞) → yas = (
√

3 − 1)/3.
R(X) = (1 − y)/x is also monotonically decreasing inx and, for x → ∞, R(X) →
(1− yas)/x.

The superpotentialWAk
= TrXk+1 is a relevant deformation of theW = 0 SCFT if

R(Xk+1) < 2 (since∆(W) = 3
2R(W)), i.e., if R(X) = (1−y)/x < 2/(k +1). SinceR(X)

monotonically decreases withx, WAk
can always be made relevant, by takingx sufficiently

large,x > xmin
Ak

, wherexmin
Ak

is determined by the condition that(1 − y(xmin
Ak

))/xmin
Ak

=

2/(k + 1). Using the numerical solution fory(x), the numerical values ofxmin

Ak
can be
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obtained for arbitraryk. For largek, xmin
Ak

is large, and thenR(X) ≈ (1 − yas)/x
min
Ak

=
2/(k + 1) givesxmin

Ak
→ (4−√

3
6 )k ≈ 0.3780k [14].

TheAk theory has dual description[27–29] in terms of a magneticSU(Ñc) gauge the-
ory, with Ñc = kNf − Nc. It has an adjoint fieldY , Nf fundamental flavorsq, q̃, andN2

f

gauge singlet fieldsMj , for j = 1, . . . , k. The superpotential is

(A.2)W
Ãk

= TrY k+1 +
k∑

j=1

Mk−j qY j−1q̃.

The analysis of the dual theory is similar to that of the electric theory, withx → x̃ =
Ñc/Nf = k − x, though the specifics are not identical, because of the effect of the
tional gauge singletsMj and superpotential terms in(A.2). We refer the reader to[14],
for the details of thea-maximizing ỹ(x̃) in the magnetic theory. The qualitative result
that ỹ(x̃) drops to zero a little faster on the magnetic side than the electricy(x), so the
TrY k+1 term in(A.2) is relevant forx̃ > x̃min

Ak
, with x̃min

Ak
< xmin

Ak
. In particular, fork 	 1,

x̃min
Ak

≈ 0.3578k [14].
The superconformal window, where both dual descriptions of theAk(Nc,Nf ) SCFTs

are useful, isxmin
Ak

< x < k − x̃min
Ak

; for k 	 1, it is 0.3780k < x < 0.6422k. Within this
range the electric and magnetic theories have the same central chargea, as guaranteed b
’t Hooft anomaly matching. Outside of this range, there are accidental symmetries th
manifest in one of the dual descriptions but not in the other so, without accountin
these accidental symmetries, the central charge as computed bya-maximization for the
electric and magnetic theories can appear to differ[14]. The larger ofaelec or amag is the
correct one—it is larger because of maximizingatrial over R-symmetries that can mix wit
the additional, accidental flavor symmetries.

A.2. Some immediate generalizations, with other groups and matter content

Many analogs of the duality of[27–29] were soon given in[5,30,31], all for theories
with WAk

type LG superpotential. Without the LG superpotential, those theories ar
pected to flow to other SCFTs, which can now be analyzed viaa-maximization. Doing
so determines when theWAk

superpotential is relevant. Doing a similara-maximization
analysis of the duals of[5,20,31] determines when the dualAk LG superpotentials ar
relevant. Combining the two bounds, as in the analysis of[14], reviewed in the last sec
tion, determines the superconformal window for where the duals of[5,20,31]are useful. In
particular, we can verify that the superconformal window is nonempty for allk.

As in the analysis of[14], it is most convenient to consider the limitNc 	 1, Nf 	 1,
holdingx ≡ Nc/Nf fixed. However, as we will now explain, thea-maximization analysis
of all of the examples of[5,20,31]involving a single gauge group becomes simply ident

to that of[14] in this limit, where we drop termsO(1/Nc) or O(1/Nf ).
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The examples of[5,20,31]involving a single gauge group are:

(A.3)

Group X Q # mesonsQXjQ a/aKPS

SO(Nc) Nf · 1
2Nf (Nf + 1) 1

2

Sp(Nc) 2Nf · Nf (2Nf − 1) 2

SO(Nc) Nf · 1
2Nf

(
Nf + (−1)j

) 1
2

Sp(Nc) 2Nf · Nf

(
2Nf − (−1)j

)
2

SU(Nc) ⊕ Nf · ( ⊕ ) N2
f or Nf (Nf − 1) 1

SU(Nc) ⊕ Nf · ( ⊕ ) N2
f or Nf (Nf + 1) 1

SU(Nc) ⊕ 8 · ⊕ Nf · ( ⊕ ) ∼ N2
f 1

Our notation forSp(Nc) is thatSU(2) ∼= Sp(1).
Let us compare the theory on the first line of(A.3) with theSU(Nc) with adjoint theory

analyzed in[14]. The anomaly free R-symmetry is constrained to satisfy 2(Nc − 2) +
2Nf (R(Q)−1)+2(Nc +2)(R(X)−1) = 0. But in theNc 	 1 andNf 	 1 limit, holding
fixedx ≡ Nc/Nf , this gives an identical relation,R(X) = (1− y)/x, with x ≡ Nc/Nf , as
in the case reviewed in the previous subsection. Computing the analog of(A.1) for the
theory on the first line of(A.3), we find that every term is now simply half of that in(A.1),
coming from the fact that the only difference (to leading orderO(1/Nc) andO(1/Nf ))
is that there are half as many of each of the different fields. For example, the 2x2 term
in (A.1) is the contribution of the|SU(Nc)| ≈ N2

c gauge fields, which here becomes
similar contribution from the|SO(Nc)| = 1

2Nc(Nc − 1) ≈ 1
2N2

c gauge fields. Similarly
there are here half as manyX fields (12Nc(Nc + 1) ≈ 1

2N2
c here, vs.N2

c − 1 ≈ N2
c there),

half as manyQ fields (NcNf here, vs 2NcNf there) and half as many of the meson fie
( 1

2Nf (Nf + 1) ≈ 1
2N2

f here, vsN2
f there). So thea-function to maximize for the theor

in the first line of(A.3) is simply halfaKPS (A.1). Maximizing this obviously leads to th
same solution for the superconformal R-charges as obtained in[14], y(x) = yKPS(x).

Likewise, all of the other theories in(A.3) similarly lead to the same results in th
Nc 	 1, Nf 	 1 limit, for arbitraryx ≡ Nc/Nf . In this limit, the anomaly free conditio
on the superconformal R-symmetry givesR(X) = (1 − y)/x, with R(Q) ≡ y, for all of
them. For all of these theories, the analog of every term in(A.1) becomes approximatel
simply the same as in(A.1), up to an overall factor, which is given in the last column
(A.3). For example, for the theory in the last line of(A.3), the generalized mesonsQXjQ

which can hit the unitarity bound are given for evenj by Q̃(XX̃)rQ (which areNf (Nf +
8) ≈ N2

f in number) and for oddj by Q(X̃X)2X̃Q (which are1
2(Nf +8)(Nf +9) ≈ 1

2N2
f

in number) andQ̃X(X̃X)rQ̃ (which are1
2Nf (Nf −1) ≈ 1

2N2
f in number) so, whetherj is

even or odd, there are approximately the same numberN2
f of mesons, leading to the sam

contributions as in the last line of(A.1).
There are several interrelations among the theories(A.3) associated with givingX an

expectation value (which we are free to do, since we are now discussing the theorie
Wtree= 0), and it can be verified that all of these higgsing RG flows satisfyaIR < aUV.
These checks make use of thea/aKPS factors in the last column of(A.3). For example,

consider theSO(Nc) theory with adjointX, on the third line of(A.3). Giving X an expec-
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tation value, there is a RG flow connecting thisSO(Nc) theory in the UV to an IR theory
with gauge groupU(1

2Nc), adjoint matterXlow, andNf fundamental flavors( ⊕ ). Us-
ing the last column of(A.3), the UV theory hasaUV ≈ 1

2N2
f âKPS(x). The IR theory has

aIR ≈ N2
f aKPS(

1
2x), because the IR theory hasNc/2 colors. Thea-theorem conjecture thu

requires1
2 âKPS(x) > âKPS(

1
2x), which can be verified to be satisfied.

Since all of the theories in(A.3) have the same R-chargeR(X), given by R(X) =
(1 − yKPS(x))/x, the minimal valuesxmin

Ak
for the WAk

= TrXk+1 superpotential to be

relevant is the same, for all of these theories,3 as was obtained in[14] for theSU(Nc) with
adjoint theory. E.g., fork 	 1, all havexmin

Ak
→ (4−√

3
6 )k.

We can similarly analyze the magnetic duals of the above theories[5,30,31]. For ex-
ample, the theory in the last line of(A.3), upon deforming by superpotentialWAk

=
Tr(XX̃)

1
2 (k+1) (with k + 1 = 0 mod 4 here), was argued to be dual to a similar the

with gauge groupSU(Ñc), with Ñc ≡ k(Nf + 4) − Nc, along with some additional gaug
singlets and superpotential terms. We can usea-maximization to analyze this dualSU(Ñc)

theory forWtree= 0, and thereby determine when the various terms in the superpot
appearing in the duality of[5] are relevant. In particular, we can determinex̃min

Ak
, the lower

bound onx̃ ≡ Ñc/Nf in order for the superpotential̃WAk
to be relevant. As on the electr

side, in the limit of largeNc andNf , thea-maximization analysis becomes identical to t
of [14] for the magnetic dual of the adjoint theory with superpotentialWAk

: the aboveÑc

becomesÑc ≈ kNf − Nc, as in the adjoint theory, and every term in thea-maximization
analysis here maps to a corresponding term there. In this limit, the values here of thx̃min

Ak

are the same as those obtained in[14] for the adjoint theory.
Thus, at least in theNc 	 1 andNf 	 1 limit, all of the above theories have exac

the same superconformal window as obtained in[14] for theSU(Nc) theory with adjoint.
We also note that all of the other theories in[5], with product gauge groups, also ha

the same superconformal window range ofx, as long as we take all the groups to have
same (large) rank, and take all to have the same (large) number of fundamental fl
This generalizes our observation of Section2, that theSU(Nc) × SU(N ′

c) theory gives the
superconformal window obtained in[14] for the slice of parameter spaceNc = N ′

c and
Nf = N ′

f .
For example, consider theSU(M) × SO(N) × SO(N ′) duality discussed in Section 1

of [5]. In the parameter slice,M = N = N ′ ≡ Nc, andm = n = n′ ≡ Nf , takingNc 	 1
andNf 	 1 large, holding fixed the ratiox ≡ Nc/Nf , we find that every term in the qua
tity atrial(y, x) = 3 TrR3 − TrR equals twice a corresponding term in the correspond
function of [14], atrial(y, x) = 2aKPS(y, x) (even including the contributions of the gau
invariant operators that hit the unitarity bound). This is because there is a correspo
in this limit between every field, with the same R-charges and twice as many copi
theSU× SO× SOtheory of[5] as compared with that of[14]. Sinceatrial = 2aKPS, it is
maximized by the same function,y = yKPS(x). The anomalous dimensions are thus

3 The theories in the third through sixth line of(A.3) must havek = odd, and that in the last line of(A.3) must

havek + 1 = 0 (mod) 4.
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same of those in[14] for this parameter slice. There is an analogous equality, up to
same factor of 2, between the functionatrial for the magnetic duals. It thus follows th
the duality of[5] for this product group has a nonempty superconformal window, w
reduces to thex interval of [14] in this 1d subspace of the full parameter space of fla
and colors. Likewise, all the dualities of[5] have a nonempty superconformal window,
anyk, which reduces to thex interval of[14] in a 1d subspace of the full parameter sp
of flavors and colors.
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