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Supplementary Note 1

This supplementary material contains several additional examples of generation protocols produced using our
algorithm. We begin with a simple example that illustrates in detail how our algorithm works. We then provide
solutions for more complicated examples of practical importance, including error correcting codes and repeater
graph states of arbitrary size. These more complicated examples are solved numerically using MATLAB codes that
are available on GitHub [I]. This code expresses the generation sequence in terms of an MPS [2] for bookkeeping

purposes:
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in which the initial and final states of emitter qubits are simply product states of [0): |1;) = |1ho) = [0)®". We
denote 7; as the emitter qubit that emits the j-th photon and p; as the emitter qubit that is measured after emitting
the j-th photon. E‘,,J. is the emission tensor, Enj = 10); \0>nj<0|m_ +1); \1>nj<1|m_, that describes emission of photon j
from emitter 7);, which can be represented as CNOT,,; ;. U ; is the unitary operation obtained from the j-th photon
absorption step, which transforms g, as explained in the main text (Sec.I.A). ]\ij is identity if no measurement
happens (p; is not assigned), otherwise, Mj = WjHqufﬂ]'.fTM, with projection 7, = %[]1 + (=1)*Z,,] and its
random outcome s; € {0,1}. Here, W is the unitary operation that is obtained from time-reversed measurement
(Sec.IV.B), and Wy is the unitary operation that disentangles all emitters at the final stage of the time-reversed
sequence. Finally, Up tot = [[; (X JS Up,;) is the local Clifford operation that acts on photons with conditional X ;J
flipping. The profile of the solution is stored as {Ue j, Up.;, itj,n;, W;, Wo}. We note that such a solution is usually
not unique due to there being multiple choices for how to choose the emitter gates and emitter sites in each photon
absorption and time-reversed measurement.

As discussed in the main text, the height function plays a central role in determining the number of emitters
and the operation sequence needed to generate a target photonic graph state. As shown in Eq. (1) of the main
text, when the stabilizers g,, are in the echelon gauge, the height function can be expressed as

Mz) =n—x—#{gm|Lgm) > 2}, (2)

where 1(g,,) is the index of the left-most (smallest index) site on which g,, acts nontrivially. In the main text, we
showed that the difference in the height function across adjacent sites determines whether we perform a photon
absorption or a time-reversed measurement at each step of the algorithm. Therefore, we define

Sh(x) = h(x) = h(z —1) = #{gm[1(gm) = z} — 1, 3)

from which it is apparent that this difference only depends on the number of stabilizers (in the echelon gauge) that
have a left-ending on site x.
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We begin by demonstrating our protocol solver algorithm in the case of the simple 4-photon graph state displayed
in Supplementary Fig. 1(a). The stabilizers are given by

_ x _z __z _ zZ T _zZ _Zz
g1 =0710303, g2 =0105030y, (4)

_ z z _x_z _ z _z x
g3 = 0109030, g4 = 05030,

We can switch to the echelon gauge by redefining g3 — g2g3. We then calculate the height function using Supple-
mentary Eq. , finding that the maximum is 2. Therefore, at least n. = 2 emitter qubits are needed, and so we
assemble a 6-qubit lattice. We can depict the complete set of 6 stabilizers as a tableau, as shown in Supplementary
Fig. 1(b).

In Supplementary Fig. 1(c), we first obtain inset (1) by transforming Supplementary Fig. 1(b) to the echelon
gauge. The upper left sub-block of the tableau is exactly Supplementary Eq. with g3 — gog3. Next we describe
in detail how the generator set is updated from inset (1) to inset (17) step by step. The column label j indicates
which photon we are currently focusing on, and the labels (i),...,(iv) indicate the specific step of our algorithm. For
each photon, we do the following steps:

e j = 4: (i) Obtain inset (1) by transforming to echelon gauge: g3 — gags. (ii) Supplementary Eq. gives
0h(4) = —1. Perform a time-reversed measurement on emitter site 5 by applying a Hadamard Hj followed
by CNOT354, which yields inset (2). (iii) Let g, = g5 = ojo? in inset (2). One gets inset (3) by performing
Hadamards on sites 4 and 5. Then the 4-th photon is absorbed into the emitter on site 5 by applying CNOT54.
Replace g4 — gag5 to eliminate the redundant of, yielding inset (4). (pa =5, 94 =5, Upa = Hy, Ue s = Hs,
Wy = Hs.)

e j = 3: (i) Skip this step since inset (4) is already in echelon gauge. (ii) Supplementary Eq. (3) gives
0h(3) = —1. Perform a time-reversed measurement on emitter site 6 by applying Hg followed by CNOTgs.
Inset (6) is then obtained by redefining g5 <> gs. (iii) Let g, = g5 = 050 in inset (6). One gets inset (7)
by applying Hadamards on sites 3 and 6. Then the 3rd photon is absorbed by applying CNOTg3. Replace
g3 — g3gs to eliminate the redundant o§. Thus, inset (7) becomes (8). (1; = 6,13 =6, U, 3 = Hs, Ue 3 = Hg,
W3 = Hg.)

e j = 2: (i) Skip this step since inset (8) is already in echelon gauge. (ii) Skip this step since Supplementary
Eq. gives 0h(2) = 1. (iii) Choose g, = g4 = o50ic¥ in inset (10). One gets inset (11) by applying Hg
followed by CNOTgs on the emitters, so that g, — o50%. Then the 2nd photon is absorbed into emitter 5
by applying CNOT5.. Redefine gp — grgs for k = 1,3 to eliminate the redundant ¢*’s. Thus, inset (11)
becomes (12) (772 = 5, Up’g = ]]., Ue72 = HGCNOT65, Mg = ]].)

e j = 1: (i) Obtain inset (13) from (12) by transforming to echelon gauge: (gs,94,95,96) — (94, 95,96, 93)-
(ii) Skip this step since Supplementary Eq. gives 6h(1) = 1. (iii) Choose g, = g2 = ojofof in inset
(14). One gets inset (15) by applying Hs and then CNOTg5 to transform g, — o¥0Z. Then the 1st photon
is absorbed into emitter site 5 by applying CNOT5;. Thus, inset (15) becomes (16). (m1 = 5, Up1 = 1,
U.1 = HsCNOTgs, M; = 1.)

e (iv) Finally, to recover the state |O)®”, one needs to disentangle the emitter qubits. This can be done with

the following gate sequence: H5CNOTj6Hs. In the last step, we permute the g,, to obtain inset (17).
(Wo = HeCNOT56Hs.)

Now that the algorithm is complete, we reverse all the operations to obtain the final generation sequence. This
circuit is shown in Supplementary Fig. 2(a). It is worth noting that, in this example, the emission sequence can
be further optimized by swapping the 1st and 3rd photons in the emission order, such that the maximum of h(x)
is reduced to 1. Thus, only one emitter qubit is needed in this case, and the corresponding generation circuit is
displayed in Supplementary Fig. 2(b).

Supplementary Note 2

In this subsection, we demonstrate how to generate a useful quantum error correction code, with some continuous
logical rotation. In particular, we present an emission sequence for the Shor code [3] with 9 photonic qubits, which
is able to protect a qubit from single bit-flip and phase-flip errors. The stabilizer generators of this code are well
known: g; = ofo%,, for j = 1,2,4,5,7,8, and g3 = of05---0F, g6 = 0fo5 ---0§ [4]. We can also define the
logical operators X, = oi05 - 0§, Z;, = ofo5 ---0§ and Y, = iXZ;. Let the last stabilizer be g9 = £X,, which
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Supplementary Figure 1: Step-by-step illustration of the protocol solver. (a) A target graph state with
4 photons. (b) The set of generators Gy = {g,} is depicted as a tableau in which each row corresponds to one
generator. Different colors correspond to different Pauli operators. The first 4 columns correspond to photonic
qubits, and the last 2 columns correspond to emitters. (c) Step by step demonstration of how to obtain the time-
reversed generation sequence, where Go = {07} is finally obtained. Explanations are in the main text. (d) Local
Clifford equivalent graph state representations of tableaux in (c).
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Supplementary Figure 2: Graph state generation circuits. In this figure, p; (j = 1,2,3,4) labels different
photonic qubits, and e; and ey are emitter qubits. At the end of each circuit, the photon qubits are in the target
graph state displayed at the top right, while the emitter qubits are in state |0) after the measurements. (a) The
emission circuit obtained from the steps in Supplementary Fig. 1. (b) A different generation circuit that produces
the same target graph state as in (a). This circuit is obtained by swapping qubits 1 <+ 3, resulting in a circuit that
requires only one emitter.

determines a pair of logical space basis states |£),. For both choices, Supplementary Eq. gives hpax = 2, and
the emission circuit solutions for |+), are given in Supplementary Fig. 3, where |+), are separately given by R = 1
and R = X.,. Therefore, by replacing R by a more general z-rotation, etgXe1 =1 cos £ 41X, sin £, we can obtain
a rotated logical qubit |p), = e'5X% |4+),, with an arbitrary angle . That is, the circuit in Supplementary Fig. 3
allows us to transmit a rotated photonic logical qubit protected by the Shor code, with merely 2 emitter qubits, 1
two-qubit gate and 2 measurements, which is surprisingly simple.

Supplementary Note 3

In this section, we generalize the repeater graph state example from the main text and present explicit generation
circuits for repeater graphs with arbitrarily many photons. As shown in Supplementary Fig. 4, for a repeater graph
state with 2m photons, the maximum of the height function indicates that we need 2 emitters regardless how large
m is (m > 4). The unitary operations A, B and C displayed in Supplementary Fig. 5(a) depend on m:
2|+1 2
A=xlm2+t o p=xlm2l c=pm (5)

ez )

where X; = of, and P = diag(1,7). Compared to the approach given in previous work [5], which requires m — 1

7

two-qubit gates and m measurements, the new solution in Supplementary Fig. 4(a) uses 2m — 3 two-qubit gates and
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Supplementary Figure 3: Shor code example. The emission circuit that generates a logical state of the Shor
code, controlled by a local operation R (the yellow block). The inset displays the height function of |£),, which
has hpax = 2.

m — 1 measurements, reducing the number of measurements needed to produce the state. We highlight that our
method yields different solutions with flexible settings, so actually the solution from Ref. [5] can also be obtained
from our algorithm.
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Supplementary Figure 4: Example of a large RGS. (a) and (b) show the emission circuit and height function
for the repeater graph state of 2m photons displayed in (c¢). The boxed area of the circuit is repeated multiple
times to generate photons p4, Ps, Pe, - s P2m—6-

Supplementary Note 4

Finally, we consider a modified repeater graph state that includes some additional redundancy to further boost the
likelihood of successful Bell measurements [5]. Supplementary Fig. 5(a) shows an example of such a repeater graph
state with 6m photons (m > 3). Note that compared to the state in Supplementary Fig. 4(c), this state contains
twice as many external photon arms and is missing those internal edges that are not necessary for the functionality
of this state as a repeater. Supplementary Fig. 5(b) shows that the height function is at most 2 for any m > 3,
i.e., only two emitter qubits are needed to generate the state in (a). We list all operations in the generation circuit
in Supplementary Eq. . Denoting the e;-th and the es-th qubits as the emitter qubits, where e; = 6m + 1 and
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Supplementary Figure 5: Modified RGS example. (a) The graph for RGS, which has 6m vertices. The labels
represent the emission sequence. (b) The height function h(zx) for the target graph state in (a).

eo = 6m + 2, the circuit is given by:

Wy = CNOT,,., H., H., e1, j =3k with2 <k <2m,
fes, Gm-5<j<6m-3 s = | and k # 2m — 1
= {61, otherwise €2, Jj=06m=3
. not assigned, otherwise
Uy = {HH J O:thler(x: 3) ONOT.,e,, j=3kwith2<k<2m -2, ©)
J ’ andk #m—1
CNOTepe,; j=3 W H.,CNOT.,.,, j=3m—3
Uy — H.,, ].:3kW1th2§k§2m J H., j=6m—3
H.,, j=6m-3 H.,, j=6m
I, otherwise 1, otherwise

)

In the above circuit, there are 2m — 1 measurements, and 2m — 1 CNOT gates. Plugging these operations into
Supplementary Eq. gives the full sequence.
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