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I. ERROR TERMS IN U(J, φ) AND UNCORRECTED IDENTITY

In this section we present the explicit form of the error terms in U(J, φ), which is defined in Eq. (2).
We start with the error terms in Eq. (2), which, to the first order of δh and δJ , are
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We aim to cancel these first-order error by supplementing the rotation with a level-n uncorrected identity Ĩ,

Ĩ(n) = I − i
∑
i

δ
(n)
i σi, (S-2)

such that ∆i + δ
(n)
i = 0 for i = x, y, z.

The uncorrected identity we use in our work is defined recursively in Eqs. (3) and (4). It is therefore useful to

establish the recursion relation for the coefficients. At zeroth order, Ĩ(0) is simply U (j0, 2m0π), therefore
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δ(0)y = 0, (S-3b)
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According to Eqs. (3) and (4), given jn, mn and θn, δ
(n)
i can be generated recursively as
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For convenience, from here onward we take h = 1 as our energy unit. We also denote g(J) = ∂J(ε)
∂ε |J(ε)=J so that

δJ = g(J)δε.
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II. ROTATION AROUND AXIS x̂+ Jẑ

This section discusses how one can correct a rotation of angle φ around an axis determined by x̂+ Jẑ, U(J, φ).

According to the main text [see Eq. (5)], our target is to design an uncorrected identity Ĩ, satisfying

U (J, φ) Ĩ = eiχR(x̂+ Jẑ, φ)
{
I +O

[
(δh+ δε)

2
]}

(S-5)

where χ is an unimportant phase factor.
We correct this rotation using a level-5 identity. We have also chosen the pulse to be symmetric, namely θ5 = −φ/2

and θ1,2,3,4 = 0. In this case, the σy term would automatically vanish in the final rotation (see the “Methods” section
of Ref. [17]), and we only need to solve four coupled nonlinear equations.

We can absorb the outmost level into U (J, φ) and are left with a level-4 identity whose parameters are fixed by the
conditions
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As explained in the main text, we can construct the identity as

Ĩ(4) = U (j4, π)U (j3, π)U (j2, π)U (j1, π)U (j0, 4π)U (j1, π)U (j2, π)U (j3, π)U (j4, π) . (S-7)

Since we only have four equations, we only need four parameters to determine. Here we choose j2 = 0. (We have also
verified that our method does not require this assumption to work, namely one can choose a different value of j2, or
one can instead fix another variable, e.g. j1.)

III. ROTATION AROUND ẑ-AXIS

The zeroth order ẑ-axis rotation, R(ẑ, φ), is achieved by [17]:

R(x̂+ ẑ, π)R(x̂, φ)R(x̂+ ẑ, π). (S-8)

At first glance, since each of the three terms in Eq. (S-8) can be implemented using the pulse of Sec. II, it is
straightforward to implement a dynamically corrected z-rotation. However, this would require 40π ∼ 50π of sweeps
around the Bloch sphere, we are interested in further optimizing it. We shall try to do a “one-shot” correction, namely
correcting the pulses of Eq. (S-8) with only one identity.

One trick to be employed here is that we shall insert the identity between R(x̂, φ) and R(x̂ + ẑ, π) but not at the
right end of Eq. (S-8), so the corrected pulse looks like

U(J = 1, π)U(J = 0, φ)Ĩ(6)U(J = 1, π). (S-9)

As in Sec. II, we absorb the outmost level of that identity into U(J = 0, φ) so that the corrected pulse is
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2

)
U(J = 1, π). (S-10)

Therefore if we implement Ĩ(5) in a symmetric way then the entire sequence is also symmetric, assuring us that the
σy component will automatically vanish and we are only left with four rather than six equations to solve. This is why
we place the uncorrected identity in the middle of the sequence. In fact, an uncorrected identity operation can be
placed anywhere and one may simply choose a location which is most convenient.

We will not explicitly carry out the algebra here, but we find the following sequence already accomplishes our
purpose:

U(J = 1, π)U(j5 = 0, 2π +
φ

2
)U(j4, π)U(j3, π)U(j2, π)U(j1 = 0, π)U(j0, 4π)

× U(j1 = 0, π)U(j2, π)U(j3, π)U(j4, π)U(j5 = 0, 2π +
φ

2
)U(J = 1, π)

(S-11)
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Supplementary Figure S1: Parameters v.s. angle for rotations about ẑ. g(J) = J/ε0. The shaded area around 0.6π < φ < 0.9π
indicates the range where j3 becomes negative, rendering the solution unphysical.

The parameters j0,2,3,4 are given in Supplementary Fig. S1. Note that for a small range of φ (0.6π ∼ 0.9π), j3 becomes
negative, making the solution unphysical. Although this problem can be easily overcome by duplicating pulses that we
can physically do, it is more natural to stick to a “one-shot” correction to keep it optimal. In fact, we have explicitly
verified that, setting j2 = j4 = 0 (instead of j1 = j5 = 0 here) while solving for j0, j1, j3, j5 will generate a physical
solution to the pulse sequence covering this φ range.

We now consider the total rotation angle of the pulse sequence Eq. (S-11). We see that it requires around 18π ∼ 20π
of rotation on the Bloch sphere, and is more than a factor of two shorter than the näıve speculation at the beginning
of this section.

IV. ARBITRARY ROTATION

It is well-known that an arbitrary rotation can be decomposed as

R(x̂, φa)R(ẑ, φb)R(x̂, φc). (S-12)

As we already know from Sec. III, this decomposition can be written as

R(x̂, φa)R(x̂+ ẑ, π)R(x̂, φb)R(x̂+ ẑ, π)R(x̂, φc) (S-13)

up to a phase factor. Again, although we have the ability to correct each term in Eq. (S-13), we would prefer a
“one-shot” correction at the cost of introducing a slightly higher level of uncorrected identity operation.

We note that for an arbitrary rotation, σy terms are in general present, so typically we have to solve all six equations.
The identity is inserted to the sequence as

U(J = 0, φa)U(J = 1, π)ĨU(J = 0, φb)U(J = 1, π)U(J = 0, φc). (S-14)

We still insert Ĩ in the middle of the sequence with the hope that when the rotation axis is on the x-z plane but is
not implementable using methods described in Secs. II and III (for example in the second quadrant of the plane, or
in the first quadrant but very close to the z-axis), this entire pulse sequence can still be made symmetric so one is
to solve four instead of six equations. In the work presented here we use the sequence in Eq. (S-14) since we already
find physical solutions for a vast range of rotations. However one should note that this is not necessary, and one can
seat the uncorrected identity (or identities) at any position in the sequence as long as it provides sufficient degrees of
freedom to find physical solution to the array of six coupled nonlinear equations.

We illustrate our sequence with a R(ŷ, φ) rotation, which is an important operation used, for example, in converting
the two-qubit Ising gate to a cnot gate [24, 25]. Obviously this would have σy terms in the final sequence and one
need to solve six equations. We therefore consider a level-6 identity with θ6 and j0 through j6 to be determined. (We
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R(ŷ, φ)

j k
/h

,
θ 6
/π

φ

Supplementary Figure S2: Parameters v.s. angle for rotations about ŷ. g(J) = J/ε0.

take j2 = 0 to keep the number of unknown variables six.) The pulse sequence for a corrected y-rotation is

U(J = 0, φa =
3π

2
)U(J = 1, π)U(j6, π − θ6)U(j5, π)U(j4, π)U(j3, π)U(j2 = 0, π)U(j1, π)U(j0, 4π)

× U(j1, π)U(j2 = 0, π)U(j3, π)U(j4, π)U(j5, π)U(j6, π + θ6)U(J = 0, φb = φ)U(J = 1, π)U(J = 0, φc =
π

2
),

(S-15)

and numerical results of jk and θ6 for a range of rotation angles are shown in Supplementary Fig. S2. We remark
that the pulse sequence Eq. (S-15) sweeps a total angle of 20π ∼ 22π around the Bloch sphere. Comparing to a näıve
correction of an x-z-x sequence which would cost 40π ∼ 50π, this is again a factor of two improvement.

V. IDENTITY OPERATION

The identity operation Ĩ, sometimes called the noop operation, also plays a role in applying our method to two-
qubit and multi-qubit system. First, at the two-qubit level it provides a fundamental ingredient of the entangled
gate, defined as C23

(
α
2

)
[cf. Eq. (6) and Fig. 3(a)]. Here α is related to

∫
dtJ23 (t), which, in turn, determines the

argument of the Ising gate Uxx(α). Second, since the Overhauser field gradient is always present during the entire
duration of performing a quantum algorithm, if only a subset of the multi-qubit system is being gated, the remaining
qubits must carry out corrected identity operations in order to reduce vulnerability to noise. In this case, the timing
is crucial. For example if one of the qubits is being rotated with time duration T , then the rest of the multi-qubit
system must perform corrected identity operation with the same time duration T [cf. Fig. 3(b)]. On the other hand,
if one qubit is being gated with time t1 while another t2, then they must be supplemented by identities with time
duration T − t1 and T − t2 respectively while others perform identity with time T .

These considerations mean that we must find identity operations which can generate a range of time duration as
well as

∫
dtJ (t). We managed to do this with the following pulse sequence:

U(J, 2π)U(j5, π)U(j4 = 0, π)U(j3, π)U(j2 = 0, π)U(j1, π)U(j0, 4π)

× U(j1, π)U(j2 = 0, π)U(j3, π)U(j4 = 0, π)U(j5, π)U(J, 2π)
(S-16)

The pulse sequence of Eq. (S-16) generates identity operations with T between 11/h and 24/h by varying J ,
from which identities with any desired time T > 11/h can be derived. We have used these identity operations in
constructing the two-qubit gates schematically shown in Fig. 3(b). This pulse sequence at the same time generates
the integrated value of J(t),

∫
dtJ (t), between 10 and 20 (note that this corresponds to 20 < α < 40). Therefore

in Fig. 3(b), Uxx(17π/2) and Uxx(9π) can be generated using this sequence. Uxx(18π) can either be generated by
duplicating Uxx(9π), or, more optimally, be generated by a sequence with one higher level of identity operation, for
which we shall not present details here.
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VI. DEFINITION OF FIDELITY

Figs. 2 and 4 show the performance of our pulse sequences in terms of the infidelity (one minus the fidelity, F ). For
a single qubit the fidelity is straightforwardly defined [S1]. To quantify the fidelity of the two-qubit gate, we adopt the
result of Ref. [S2]. However, note that due to presence of the leakage subspaces in our system, our evolution operator
is not trace-preserving. Therefore Eq. (32) of Ref. [S2] must be extended as

F =
1

16

[
4

5
Tr
[
σ0 ⊗ σ0Ufσ0 ⊗ σ0U†f

]
+

1

5

∑
0≤µ≤3
0≤ν≤3

Tr
[
V σµ ⊗ σνV †Ufσµ ⊗ σνU†f

]]
, (S-17)

where σ0 is the 2×2 identity matrix, and X⊗Y denotes an operator entirely within the computational subspace that
acts as X on the first qubit and as Y on the second qubit (for example σ0⊗σ0 is the projector into the computational
subspace), V is the desired operation with identity in the leakage subspace, and Uf is the actual time evolution at
the conclusion of the composite pulse sequence.

[S1] M. D. Bowdrey, D. K. L. Oi, A. J. Short, K. Banaszek, and J. A. Jones, Phys. Lett. A 294, 258 (2002).
[S2] R. Cabrera and W. E. Baylis, Phys. Lett. A 368, 25 (2007).
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