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We extend the analysis of Alday and Maldacena for obtaining gluon scattering amplitudes at strong

coupling to include external massive quark states. Our quarks are actually the N ¼ 2 hypermultiplets

which arise when D7-brane probes are included in the AdS5 � S5 geometry. We work in the quenched

approximation, treating the N ¼ 2 matter multiplets as external sources coupled to the N ¼ 4 super-

symmetric Yang-Mills fields. We first derive appropriate massive-particle boundary conditions for the

string scattering world sheets. We then find an exact world sheet which corresponds to the scattering of

two massive quarks and two massless gluons and extract from this the associated scattering amplitude. We

also find the world sheet and amplitude for the scattering of four massive quarks. Our world sheet

solutions reduce to the four massless gluon solution of Alday and Maldacena in the limit of zero quark

mass. The amplitudes we compute can also be interpreted in terms of 2-2 scattering involving gluons and

massive W bosons.
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I. INTRODUCTION

As shown by Alday andMaldacena [1], planar scattering
amplitudes in N ¼ 4 supersymmetric Yang-Mills (SYM)
theory at strong coupling can be obtained from AdS/CFT
[2–4] by computing the area of a string world sheet in AdS
whose boundary conditions are dictated by the kinematic
data of the in-going and out-going scattering states. More
precisely, the string theory calculation computes a kine-
matic factor in the color-ordered1 amplitude of the form

A� eiScl ¼ e�ð ffiffiffi
�

p
=2�Þ�area: (1.1)

Scl represents the classical string action, and ‘‘area’’ refers
to the area of the classical string world sheet exhibiting the
appropriate boundary conditions. The ’t Hooft coupling �
appears as an overall factor multiplying the string action.

The fact that it is large in AdS/CFT applications [
ffiffiffiffi
�

p �
ð�0Þ�1 ! 1] allows one to perform the saddlepoint ap-
proximation leading to expression (1.1). In their original
paper, Alday and Maldacena (AM) focused on four-gluon
scattering, and at least for this case, they argue that the
string action Scl should be taken to be precisely the Nambu-
Goto action (i.e. without any additional boundary terms)
when expressed in terms of Poincaré coordinates on the
‘‘T-dual’’ AdS5. In other words, the world sheet area in
(1.1) is not the area as measured in the original AdS, but
rather in a different AdS obtained by performing a particu-
lar coordinate transformation on the Minkowski subspace
of the original AdS. This ‘‘T duality’’ is so named because
of its mathematical resemblance to the usual T duality, but
it is performed on noncompact dimensions.

The original work of AM has been extended along a
number of directions, including gluon amplitudes with
more than four external legs [6–9], amplitudes with mass-
less external quarks [10,11], and finite temperature scat-
tering [12]. It has also led to new insights into the structure
of N ¼ 4 SYM amplitudes. The authors of [13] showed
that these amplitudes obey a hidden symmetry which they
refer to as ‘‘dual conformal symmetry,’’ and further evi-
dence for this symmetry has since been accrued [14–18].
Along with this discovery came indications of a connection
between N ¼ 4 scattering amplitudes and Wilson loops
[13,15,19–22]. The work of AM has also led to new in-
sights into the structure of IR divergences in gluon scat-
tering amplitudes [23–25]. Much of this progress is
reviewed in [26].
In this paper, we will generalize the work of AM to the

case in which either two or all four of the external lines are
massive quarks as opposed to gluons. We will modify the
gravity setup of AM by including extra probeD7-branes as
in the work of Karch and Katz [27], so that external N ¼
2 hypermultiplets will play the role of dynamical quarks,
and it is more appropriate to think of the amplitudes we
obtain as being field theory amplitudes in the quenched
approximation. This approach was also taken by
McGreevy and Sever in [10] and by Komargodski and
Razamat in [11]. In both cases, only massless quarks
were considered.
In the case of massless quarks, McGreevy and Sever

provided some evidence that there exist certain singular-
ities (folded strings) on the T-dual world sheet boundary.
This evidence arises by conjecturing that the massless
quark-gluon world sheet can be obtained as half of a six-
gluon world sheet with self-crossing, where the point of
self-crossing is proposed to imitate the effect of Neumann
boundary conditions on a D7-brane, which in turn allow
for the possibility of folded-string singularities in the world
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sheet boundary. These folded strings, they argue, prevent
the external massless quark states from giving rise to the
Sudakov-like factors [28] that are present for external
gluons. However, a mechanism which determines the ex-
tent of folded strings into the AdS bulk remains unknown
and, in particular, it is not clear if these folded strings
would be stable and have finite extent. McGreevy and
Sever further give an analysis of planar diagrams to argue
that field theory expectations corroborate the absence of
Sudakov factors for external massless quarks, thus moti-
vating the folded-string conjecture.

In this paper, we do not include folded strings for two
reasons. First, in the case of massive quarks (which is the
primary focus of this paper), the arguments of McGreevy
and Sever do not necessarily apply. Indeed as we will show,
it is not necessary to invoke singularities on the world sheet
boundary in order to eliminate quark Sudakov factors—the
nonzero mass alone removes these factors. Second, in other
problems involving string configurations ending on branes
(e.g. mesons of large spin which are described by spinning
open strings ending on D-branes), the leading alpha-prime
contribution comes from strings which end at the boundary
of the D-brane. The alpha-prime perturbative expansion
will include contributions which come from string fluctua-
tions in those directions which have Neumann boundary
conditions on the D-brane, or in other words, from fluctu-
ations of the string endpoint inside the D-brane world
volume. However, these contributions are subleading [29].

Our results may also be interpreted as scattering ampli-
tudes involving gluons and massiveW-bosons. In this case,
folded strings are definitely absent since Dirichlet bound-
ary conditions are imposed on both ends of the W-boson
strings. Recently, it has been shown that perturbative scat-
tering amplitudes in Higgsed N ¼ 4 SYM exhibit dual
conformal symmetry when this symmetry is appropriately
extended to incorporate the mass of the gauge bosons
[30,31]. This result strongly suggests that the amplitude/
Wilson loop correspondence extends to massiveW-bosons
as well. In light of the relationship between Wilson loops
and scattering amplitudes in N ¼ 4 SYM, it is not sur-
prising that W-bosons and N ¼ 2 hypermultiplets share
the same kinematic factor (1.1) since these representations
are treated the same way in Wilson loop computations. In
this paper, we will always refer to the massive states as
quarks, leaving implicit this additional interpretation.

The methods we employ to obtain the kinematic factor
(1.1) in massive quark-gluon and quark-quark scattering
amplitudes are interesting in their own right. We show
quite generally how world sheets for massive-state scatter-
ing can be obtained from those pertaining to massless
states. It is likely that these techniques may be applied to
study other types of scattering processes.

The first step in constructing world sheets which repre-
sent massive quark scattering is to identify the right bound-
ary conditions for these world sheets. This is done in a

straight-forward manner by first finding the extended open
string solutions which should correspond to massive
quarks moving at subluminal velocities. Applying the
same ‘‘T duality’’ as in AM then leads to the desired
boundary conditions in the dual AdS5. The result is that
the world sheet boundary condition corresponding to a
massive quark turns out to be a line segment extending
from a point on the boundary of the T-dual AdS to a point
in the bulk. This line segment is lightlike in terms of the
full five-dimensional AdS.
The next step is to find the classical world sheet solu-

tions which obey these boundary conditions. This process
is greatly facilitated by making use of a solution-
generating trick first described in [1]. This trick enables
one to find worldsheets representing four-particle ampli-
tudes starting from worldsheets ending on a single lightlike
cusp. The latter have a boundary behavior which is suffi-
ciently simple that the world sheets can be found easily by
exploiting the Poincaré invariance. The trick then entails
performing a particular set of rotations in global AdS
coordinates on the single-cusp solutions. AM made use
of this trick to find the four-gluon (gggg) world sheet by
starting from a single lightlike cusp world sheet for which
the cusp lay at the boundary of the T-dual AdS. We will
show that by starting with single-cusp solutions with the
cusp lying a finite distance away from the boundary, one
can use the same trick to obtain world sheets corresponding
to the scattering of two massive and two massless particles
(ggqq) (see Figs. 3 and 4) and of four massive particles
(qqqq) (see Figs. 8 and 9). This method yields ggqq
amplitudes in which both quarks have the same mass and
qqqq amplitudes in which two quarks have the same mass,
and the other two share a different mass. It is not obvious
how to extend our approach to more general particle
masses, and we leave this as an open problem.
Technically, the S matrix for quark/gluon scattering at

strong coupling is ill defined due to confinement, but in
practice, it is still useful to compute such amplitudes as
intermediate steps in the computation of real physical
observables. Quark/gluon amplitudes reflect the fact that
they are unphysical by exhibiting IR divergences. As
shown by AM, this behavior is borne out by the string
theory calculation, which yields the amplitude predicted by
Bern, Dixon, and Smirnov [32] only after the string world
sheet area has been properly regularized. In their original
paper, AM employed dimensional regularization to this
end. In [33], they also showed that one can obtain the
same field theory amplitude kinematic factor by making
use of a radial cutoff regularization scheme for the world
sheet area.
In this paper, we will also make use of the radial cutoff

scheme in the computation of the kinematic factors in the
ggqq and qqqq amplitudes. We find that the leading IR
divergence of the ggqq amplitude with massive quarks is
exactly half that of the four-gluon amplitude [see Eq. (4.30)
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]. It is interesting to note that the Sudakov form factor
computed in perturbative QCD for massive/massless par-
ton scattering exhibits similar behavior [34]. We are also
able to obtain momentum and mass-dependent terms in the
amplitude, and we find that it reduces to the four-gluon
kinematic factor in the small mass limit. (Note that the full
amplitude need not have a smooth limit, and indeed it is
only the leading terms which behave smoothly.)

In the case of the massive qqqq amplitude, we find that
there is an IR divergence despite the fact that all external
masses are nonzero [see Eq. (5.23)], and we regulate this
using the radial cutoff scheme. The qqqq amplitude ex-
hibits a weaker divergence compared with that of the ggqq
and gggg amplitudes: one obtains log (IR cutoff) instead
of log2 (IR cutoff). This single-log behavior also arises in
perturbative QCD calculations [34].

The paper is organized as follows. In Sec. II, we derive
the world sheet boundary conditions for massive scattering
states. Section III is devoted to showing how one can
obtain the boundary of a four-particle world sheet from a
lightlike cusp lying in the AdS bulk at a fixed value of the
AdS radial coordinate. In particular, we show that the cusp
maps (under the AM trick) into the boundary of a ggqq
world sheet. The solution for a world sheet ending on a
single cusp in the bulk was found in [15]. We then employ
the same map to turn this solution into an exact ggqqworld
sheet in Sec. IV. We plug this world sheet into the Nambu-
Goto action to obtain the kinematic factor in the amplitude.
In Sec. V, we generalize these ideas and show that if we
start with two parallel lightlike cusps in the AdS bulk, the
same tricks turn this configuration into the qqqq boundary.
Next, we find the world sheet stretching between the two
lightlike cusps and map this to produce the exact qqqq
world sheet, from which we then extract the desired am-
plitude factor. Appendices A and B contain a detailed
derivation and analysis of the single- and two-light–like
cusp world sheet solutions. In Appendix C, we compute
four-point scattering amplitudes for extended open strings
in flat space to make a comparison with the results for
string scattering in AdS.

II. WORLDSHEET BOUNDARY CONDITIONS FOR
MASSIVE PARTICLES

We begin with the following form of the AdS5 � S5

metric:

ds2 ¼ r2dx�dx
� þ 1

r2
dr2 þ d�2

5; (2.1)

where the AdS5 factor has the mostly þ signature and we
set the AdS radius to 1. We will choose x8 and x9 to be the
directions in which the D7-brane is localized. By combin-
ing the radial direction of AdS5 with the S5, we may
reparametrize the metric according to

ds2 ¼ ½�2 þ ðx8Þ2 þ ðx9Þ2�dx�dx� þ 1

�2 þ ðx8Þ2 þ ðx9Þ2
� ½d�2 þ �2d�2

3 þ ðdx8Þ2 þ ðdx9Þ2�; (2.2)

with

r2 ¼ �2 þ ðx8Þ2 þ ðx9Þ2: (2.3)

We are interested in string configurations in which the
string stretches from the stack of D3-branes to the probe
D7-brane and moves with constant velocity in the four
Minkowski directions. In terms of the AdS5 radial coor-
dinate r, the strings stretch from r ¼ 0 up to r ¼ rD7,
where rD7 denotes the radius at which the D7-brane ap-
pears to ‘‘vanish in thin air’’ [27]. Such solutions should
correspond to asymptotic scattering states under AdS/CFT,
with the mass of the scattered particles related to the finite
extent of the strings. Without loss of generality, we may
restrict attention to solutions which have the following
form:

x� ¼ k��; x9 ¼ 0; x8 ¼ x; � ¼ �ðxÞ;
(2.4)

with the remaining angular variables set to zero. � can be
thought of as a time direction on the string world sheet, and
the four-momentum k� is such that k2 ¼ �m2 for some
massm. k� andm can be interpreted as the momentum and
mass of an external quark state. Solutions of the above
form correspond to strings which are stretched in the x8 and
� directions. That is, we assume the D7-brane probe is
separated from the stack of D3-branes only along the x8

direction, and we allow for the possibility that the string
extends in the � direction since this direction is Neumann
at the D7-brane. xD7 will denote the location of the
D7-brane in the x8 direction. Plugging this ansatz into
the Nambu-Goto action gives

SNG ¼ m

2��0
Z

dxd�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �02

q
: (2.5)

The solution to the equation of motion for �ðxÞ is just
� ¼ �1xþ �0: (2.6)

Imposing a Neumann boundary condition on � at x ¼ xD7

requires that �1 ¼ 0, so that � ¼ �0 for all x. Therefore,
our classical string configurations do not bend but simply
stretch between the D3 and D7-branes despite the
Neumann boundary condition on �. For simplicity, we
will set � ¼ 0 and x9 ¼ 0 for the remainder of the paper
and only consider world sheets that obey these constraints.
Therefore, xD7 ¼ rD7.
In accordance with the AdS/CFT correspondence, we

expect the leading-order strong-coupling scattering ampli-
tude of massive particles to be related to the area of a string
world sheet in AdS5 which tends to the string configura-
tions found above—namely straight strings stretching be-
tween the D3- and D7-branes and moving with constant
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velocity—at large distances in the 4d spacetime which acts
as the boundary of AdS5. In order to facilitate the imposi-
tion of these boundary conditions, we follow the lead of
AM and ‘‘T dualize’’ these asymptotic string solutions:

@�y
� ¼ r2���@�x

�: (2.7)

We do not have the i on the right-hand side as in AM
because we choose our world sheets to have a Minkowski
signature. The map (2.7) is not generally covariant, how-
ever, and it is not valid if we want to work with the space-
like world sheet coordinate x. A natural generalization
which is covariant is

@�y
� ¼ r2J��@�x

�; (2.8)

where J�� is the induced complex structure on the world
sheet. The form of the map (2.7) then holds in the special
case where the coordinate system is such that the induced
metric is conformally flat. For world sheet coordinates �
and x, we have

J�x ¼ gxxffiffiffiffiffiffiffi�g
p ¼ 1

mx2
: (2.9)

Plugging this into (2.8), we find

@xy
� ¼ k�

m
) y� ¼ k�

m
xþ y

�
0 : (2.10)

y�0 are integration constants. As one might expect from the

case of four-gluon scattering studied by AM, the asymp-
totic string states T dualize to line segments which are
oriented along the directions of the four-momenta of the
scattered particles. The new feature here is that these line
segments are now timelike (from the point of view of the
y� subspace) and extend into the bulk of (the T-dual)
AdS5. This last statement is perhaps made clearer by
inverting the boundary condition (2.10):

x ¼ � k�ðy� � y�0 Þ
m

; (2.11)

and recalling that the radial direction of AdS5 is given by
r ¼ jxj. We see that, on the boundary of the world sheet, r
varies linearly with the T-dual coordinates y�. (2.10) also
implies that

�y� ¼ �x

m
k�; (2.12)

where �y� and �x represent the amount by which y� and
x change over a segment of the boundary. Defining the
quark mass to be the energy of a static string stretching
from x ¼ 0 to x ¼ xD7, we have

m ¼ j�xj
2��0 ¼

xD7

2��0 ; (2.13)

so that

�y� ¼ 2��0k�: (2.14)

Our boundary condition (2.10) can be restated in a more
illuminating form which is obtained by squaring both sides
of (2.12):

ð�y�Þ2 þ ð�xÞ2 ¼ 0: (2.15)

This is simply the statement that the bounding line segment
is lightlike in terms of the full five-dimensional space.
From the point of view of the four-dimensional
Minkowski space, we have a timelike segment with j�xj
acting as a mass.
We observe in passing that if we wish to reproduce the

massless particle boundary conditions from (2.10), we
need to replace � and x with more suitable world sheet
coordinates since these become singular in the massless
limit. If we first define new world sheet coordinates ~� �
�=m and ~	 ¼ x=m, we can then safely take the zero mass
limit in (2.10) to reproduce the result that the world sheet
boundary is comprised of lightlike segments oriented along
the directions of their associated null four-momenta.
Alternatively, we can start directly from (2.15), which
works equally well in the case of massless particles, for
which �x ¼ 0.
In the next section, we will focus on finding string world

sheet solutions which end on four line segments, two of
which are massive and two massless. These boundary
conditions will therefore lead to a scattering amplitude
involving two quarks and two gluons. We will first argue
that four-cusp solutions of this type can be obtained from
certain single-cusp solutions in much the same way that the
four-cusp gluon scattering world sheet can be obtained
from the single-cusp world sheet as shown by Alday and
Maldacena [1]. We will then apply this reasoning to a
particular single-cusp solution to obtain a world sheet for
ggqq scattering.
In Sec. V, we will look for solutions ending on four

massive line segments. Such solutions will lead to the
kinematic factor for four-quark scattering. These solutions
will be obtained in a manner similar to the ggqq solutions,
but we will start from two-cusp solutions instead of single-
cusp solutions.

III. FOUR-CUSP SOLUTIONS FROM SINGLE
CUSPS LYING IN THE ADS BULK

We begin by recalling how one can obtain the four-cusp
gggg scattering world sheet from a single-cusp solution
[1]. The trick is to exploit the global symmetries of the full
AdS. The world sheet ending on a single-cusp formed by
two lightlike lines intersecting at the origin and lying in the
x ¼ 02 plane is given by

2Recall that under the T-duality of AM, the AdS horizon and
boundary effectively swap locations, so that the boundary is now
at r ¼ 0. Since � ¼ x9 ¼ 0 and since we will only be interested
in non-negative values of x, we simply set r ¼ x.
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x ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðy20 � y21Þ

q
: (3.1)

Making use of the usual map between Poincaré coordinates
and embedding coordinates,

Y� ¼ y�

r
; � ¼ 0; . . . 3 Y�1 þ Y4 ¼ 1

r
;

Y�1 � Y4 ¼
r2 þ y�y

�

r
;

(3.2)

where the Y’s satisfy the embedding equation

� Y2�1 � Y2
0 þ Y2

1 þ Y2
2 þ Y2

3 þ Y2
4 ¼ �1; (3.3)

the single-cusp solution (3.1) can be expressed as

Y2
0 � Y2

1 ¼ Y2
�1 � Y2

4 ; Y2 ¼ Y3 ¼ 0: (3.4)

It turns out to be useful to transform this solution with the
following set of rotations:

Y0 ! Y0 þ Y�1ffiffiffi
2

p ; Y�1 ! Y0 � Y�1ffiffiffi
2

p ;

Y1 ! Y1 þ Y2ffiffiffi
2

p ; Y4 ! Y1 � Y2ffiffiffi
2

p ; Y2 ! Y4;

(3.5)

after which the single-cusp solution (3.4) becomes

Y1Y2 ¼ Y0Y�1; Y3 ¼ Y4 ¼ 0: (3.6)

The utility of the rotations (3.5) is revealed when we now
switch back to Poincaré coordinates to find

y0 ¼ y1y2; x ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� y21Þð1� y22Þ

q
: (3.7)

These equations describe a world sheet which ends on four
lightlike line segments which join together to form a square
in the y1=y2 plane described by the lines y1 ¼ �1, y2 ¼
�1. After regularization, the area of this world sheet gives
the leading-order (in the strong-coupling limit) planar
contribution to the four-gluon scattering amplitude in a
special kinematic regime where the s and t Mandelstam
variables are equal. A more general kinematic configura-
tion can be acquired by performing an additional boost in
the embedding coordinates as described in [1].

What we have just seen is that when we lift the world
sheet solution (3.1) to the embedding coordinate form
(3.4), we pick up additional world sheet boundary lines
which lie outside the original Poincaré patch. The original
two boundary lines of the single cusp intersect these addi-
tional lines at the edge of the Poincaré patch. In performing
the set of rotations (3.5), we bring the additional bounda-
ries into the same Poincaré patch as the original boundaries
to arrive at a four-cusp world sheet boundary.

In light of this, a natural question is what happens when
our single cusp lies not at x ¼ 0, but instead on the x ¼ �
plane. In order to understand the effect of the rotations (3.5)
in this case, we will first focus on the behavior of the cusp
boundary lines and postpone an analysis of how the full

world sheet transforms to Sec. IV. In Poincaré coordinates,
we can describe these lines according to

x ¼ �; y20 ¼ y21; y2 ¼ y3 ¼ 0: (3.8)

These lines are plotted in Fig. 1.
In terms of embedding coordinates, we can rewrite the

boundary lines as

Y4 þ Y�1 ¼ 1=�; Y2
0 � Y2

1 ¼ 0; Y2 ¼ Y3 ¼ 0:

(3.9)

Under transformation (3.5), these equations become

Y1 � Y2 þ Y0 � Y�1 ¼
ffiffiffi
2

p
�

; Y1Y2 � Y0Y�1 ¼ 1

2
;

Y3 ¼ Y4 ¼ 0; (3.10)

and reexpressing these results in terms of Poincaré coor-
dinates yields

y1 � y2 þ y0 � 1 ¼
ffiffiffi
2

p
�

x; y1y2 � y0 ¼ x2

2
;

x ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ y20 � y21 � y22

q
; y3 ¼ 0:

(3.11)

Solving for x2 in the last two equations, equating the results
and solving for y0 gives

y0 ¼ jy1 þ y2j � 1: (3.12)

If we now combine the first and third equations in (3.11)
and solve for y1 or y2, we see that the transformed world
sheet boundary in the y1=y2 plane is described by the
following set of four lines:
y1 ¼ 1; y2 ¼ �1; y2 ¼ 1� �2 þ �2y1;

y1 ¼ �1þ �2 þ �2y2:
(3.13)

The behavior of y0 and x along each of these line segments
can easily be determined from the expressions given in
(3.11) and (3.12). In the � ! 0 limit, the lines given in
(3.13), of course, become the AM four-cusp boundary y1 ¼
�1, y2 ¼ �1. The four cusps are located at

ðy1; y2Þ ¼
�
ð1; 1Þ; ð1;�1Þ; ð�1;�1Þ; 1� �2

1þ �2
ð�1; 1Þ

�
:

(3.14)

x vanishes at the first three of these points, but is nonzero at
the final cusp:

y1

y0

(0,0, )

x=  plane

FIG. 1. The bounding lightlike line segments of the single-
cusp world sheet located at x ¼ � viewed in the y0, y1, x
subspace.
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x

�
�2 � 1

1þ �2
;
1� �2

1þ �2

�
¼ �2

ffiffiffi
2

p �

1þ �2
: (3.15)

Since x < 0 at this cusp, we see that the boundary does not
lie entirely within the Poincaré patch except in the limit
� ! 0.3 So it appears that we fail to obtain a four-cusp
boundary for finite �.

However, a minor adjustment to the preceding analysis
will cure this problem and lead us to a four-cusp boundary.
After performing the rotations (3.5), we should look at a
Poincaré patch different from the one given in (3.2). That
is, starting from (3.10), we look at the Poincaré patch
defined by the relations

Y� ¼ � y�

r
; � ¼ 0; . . . 3 Y�1 þ Y4 ¼ � 1

r
;

Y�1 � Y4 ¼ � r2 þ y�y
�

r
:

(3.16)

In this patch, the solution looks like

y1 � y2 þ y0 � 1 ¼ �
ffiffiffi
2

p
�

x; y1y2 � y0 ¼ x2

2
;

x ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ y20 � y21 � y22

q
; y3 ¼ 0: (3.17)

Compared with (3.11), we have effectively taken � ! ��
so that the fourth cusp is now located at

x

�
�2 � 1

1þ �2
;
1� �2

1þ �2

�
¼ 2

ffiffiffi
2

p �

1þ �2
� xD7 > 0; (3.18)

and the problem we encountered before no longer arises.
The final transformed boundary lines are plotted in Fig. 2.

To confirm that this boundary would describe ggqq
scattering, we must verify that the two segments which
intersect at the x ¼ xD7 cusp obey the boundary conditions
we derived earlier [see Eq. (2.10)]. In view of (2.15), it
suffices to check that the change in x along these line
segments, namely xD7, is equal to the proper length of
the segments as measured in the Minkowski subspace
parametrized by y�. Consider the segment which extends

from the point 1��2

1þ�2
ð�1; 1Þ to the point (1, 1). Along this

segment, the coordinates change by the following amounts:

�y0 ¼ 2; �y1 ¼ 2

1þ �2
; �y2 ¼ 2�2

1þ �2
:

(3.19)

Thus we find

�ð�y�Þ2 ¼ ð�y0Þ2 � ð�y1Þ2 � ð�y2Þ2 ¼ 8�2

ð1þ �2Þ2
¼ x2D7 ¼ ð�xÞ2: (3.20)

The same analysis applied to the segment extending from

the point 1��2

1þ�2
ð�1; 1Þ to the point ð�1;�1Þ reveals that this

segment has the same proper length and thus obeys (2.15)
as well. This fact is not surprising since the original seg-
ment was lightlike, and the conformal transformation we
performed should preserve this property from the five-
dimensional point of view.
We should also point out that the ggqq world sheet

boundary lines derived in this section correspond to a
special kinematic regime in which the Mandelstam varia-
bles s and t are related to each other and are of order one,
since both will be functions of � only. To consider more
general configurations, it is necessary to perform addi-
tional global coordinate transformations. For example, to
change the overall scale of the momenta, we can perform a
boost in the Y�1=Y4 plane. This will simply rescale the
entire world sheet while leaving the shape intact. If we
wish to change the ratio s=t, then we must alter the relative
orientations of the four world sheet boundary lines. As
shown in [1], this can be accomplished by doing a boost
in the Y0=Y4 plane. Parametrizing the boost by � such that

Y0 !
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �2

q
Y0 � �Y4; Y4 !

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �2

q
Y4 � �Y0;

(3.21)

one can show that the boundary lines (3.13) become

y1 ¼ 1� �y2; y2 ¼ �1� �y1;

ð1� ��2Þy2 ¼ 1� �2 þ ð�2 � �Þy1;
ð1� ��2Þy1 ¼ �1þ �2 þ ð�2 � �Þy2:

(3.22)

(1,1,0)

(1,-1,0)(-1,-1,0)

y1

y2

x

1 2

1 2
,

1 2

1 2
,

2 2

1 2

FIG. 2. The bounding timelike line segments of the four-cusp
ggqqworld sheet viewed in the y1, y2, x subspace. The cusp with
the black dot is the image of the cusp in Fig. 1.

3Recall that, even though x ¼ x8 2 ð�1;1Þ, we have as-
sumed that r ¼ x � 0 when we employed the Poincaré embed-
ding relations (3.2). Thus, x < 0 implies that we have left the
Poincaré patch.
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The expression (3.12) for y0 along the boundary general-
izes to

y0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �2

p
1� �

ðjy1 þ y2j � 1Þ; (3.23)

and x is now given by

x ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ �2
p y0 þ y20 � y21 � y22

s
: (3.24)

We will now compute the Mandelstam variables associ-
ated with this modified world sheet boundary. Recalling
that each particle four-momentum is given by the change in
y� over each boundary segment, 2��0k�i ¼ �y�, we ob-
tain the following momenta:

2��0k�1 ¼ 2

1� �2
ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �2

q
;�1; �Þ;

2��0k�2 ¼ 2

1� �2

�
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �2

q
;
�2 � �

1þ �2
;
1� ��2

1þ �2

�
;

2��0k�3 ¼ 2

1� �2

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �2

q
;
1� ��2

1þ �2
;
�2 � �

1þ �2

�
;

2��0k�4 ¼ 2

1� �2
ð�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �2

q
; �;�1Þ: (3.25)

The corresponding masses are

m2
1 ¼ m2

4 ¼ 0;

m2
2 ¼ m2

3 ¼
8�2

ð2��0Þ2ð1� �Þ2ð1þ �2Þ2 :
(3.26)

The Mandelstam variables s and t are given by

s ¼ �ðk1 þ k2Þ2 ¼ � 8

ð2��0Þ2ð1� �Þ2ð1þ �2Þ2 ;

t ¼ �ðk1 þ k4Þ2 ¼ � 8

ð2��0Þ2ð1þ �Þ2 : (3.27)

From (3.26) and (3.27), it is evident that we can obtain any
ratio of s=t by varying� 2 ð�1; 1Þ. (It can be checked that
values of � outside this range lead to negative values of x.)
The masses m2 ¼ m3 can be held fixed while s=t is varied
by choosing �ð�Þ appropriately. s, t, and m2 can all be
made independent by performing an additional scale trans-
formation on all the coordinates as discussed above. Also
note that we may keep the masses and Mandelstam varia-
bles finite in the �0 ! 0 limit by rescaling the T-dual
Poincaré coordinates by �0. Of course, the final amplitudes
will only depend on ratios of these quantities and would be
unaffected by such a rescaling.

In summary, we have shown that one can obtain the
boundary of a ggqq scattering world sheet by applying
appropriate transformations to a single lightlike cusp
boundary located at a fixed value of the radial coordinate
in the AdS bulk. Thus, one would expect that if we start

with a world sheet solution which ends on the single cusp,
then under the same set of transformations, this will be-
come a world sheet solution ending on the ggqq boundary.
Since these transformations are SOð2; 4Þ rotations under
which the action is invariant, the world sheet obtained from
the mapping is guaranteed to be a solution. Fortunately,
world sheets ending on single-cusps which lie in the AdS
bulk have been found already by Berkovits and Maldacena
[15]. In the next section, wewill make use of their solutions
to show that one can indeed find a ggqqworld sheet in this
fashion.

IV. AWORLD SHEET FOR ggqq SCATTERING

In Appendix B of [15], Berkovits and Maldacena wrote
down a one-parameter family of solutions for world sheets
ending on a lightlike cusp lying on an ‘‘IR regulator’’
brane, that is a D3-brane in the bulk of AdS. In
Appendix A, we review this class of solutions and argue
that only one of these is relevant for the purpose of obtain-
ing a ggqq scattering world sheet. This solution was also
of particular interest to Berkovits andMaldacena as it is the
only solution which reduces to the single-cusp solution
(3.1) in the limit that the regulator brane rejoins the rest
of the D3-brane stack, i.e. when � ! 0. That is, this
solution can be thought of as a regularized version of
(3.1). It can be obtained by expressing the Lagrangian in
terms of hyperbolic coordinates w and 	:

y0 ¼ e�ðwÞ cosh	; y1 ¼ e�ðwÞ sinh	: (4.1)

As discussed in detail in the Appendix, the w and 	
coordinates are especially useful because it is possible to
find solutions for which x is a function ofw only and which
obey the boundary conditions at x ¼ �. Indeed, this fact is
crucial to obtaining all the analytic solutions of this paper.
This fact also leads to a relatively simple expression for the
Lagrangian as we will see shortly. x is given by the ansatz

xðwÞ ¼ we�ðwÞ; (4.2)

and the equation of motion for �ðwÞ is readily solved with
the result

�ðwÞ ¼ � logðwþ 1Þ � 1ffiffiffi
2

p logðw� ffiffiffi
2

p Þ

þ 1ffiffiffi
2

p logðwþ ffiffiffi
2

p Þ þ log�: (4.3)

Returning to Poincare coordinates, this solution becomes

xþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y20 � y21

q
¼ �

�xþ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðy20 � y21Þ

q
x�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðy20 � y21Þ

q �
1=

ffiffi
2

p
; y2 ¼ y3 ¼ 0:

(4.4)

It is easy to see that this solution ends on the lightlike cusp
on the regulator brane, i.e. it contains the lines y20 ¼ y21,
x ¼ �. This solution gives x as an implicit function of y0
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and y1. Applying the SOð2; 4Þ rotations described in the
previous section, we arrive at the four-cusp world sheet:

� �ffiffiffi
2

p y1 � y2 þ y0 � 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ y20 � y21 � y22

q ¼ f

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2
þ y0 � y1y2

1þ y20 � y21 � y22

s �
;

x ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ y20 � y21 � y22

q
; (4.5)

where we have defined

fðzÞ � ð1þ zÞ
�
1� ffiffiffi

2
p

z

1þ ffiffiffi
2

p
z

�
1=

ffiffi
2

p
; (4.6)

and as usual, y3 remains zero after the conformal trans-
formations. A plot of the world sheet is shown from differ-
ent viewpoints in Figs. 3 and 4.

Figs. 3 and 4 clearly exhibit the correct qualitative
behavior near the boundary. That it also agrees quantita-
tively can be checked directly from (4.5), but this is essen-
tially true by construction. In order to reproduce the four-

gluon world sheet, we send � ! 0. From (4.5), it is clear
that the solution tends to y0 ¼ y1y2 in this limit, which is
precisely the AM solution.
Next, we turn to computing the area associated with this

world sheet. The most straight-forward way to do this
would be to insert this solution into the Nambu-Goto
Lagrangian,

L ¼ 1

2��0
1

x2

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ð@ixÞ2 � ð@iy0Þ2 � ð@1x@2y0 � @2x@1y0Þ2

q
;

(4.7)

and integrate. In (4.7), i ¼ 1, 2 and @i ¼ @
@yi

. However, the

fact that the solution (4.5) gives only an implicit function
for y0ðy1; y2Þ poses a challenge since it is not obvious how
towrite down the Lagrangian as a function of y1 and y2. We
can avoid this problem by describing the world sheet para-
metrically in terms of coordinates on the original cusp. In
particular, we may use (3.5) to construct the following map
between the Poincaré coordinates [35]:

FIG. 4 (color online). Side and top views of y0ðy1; y2Þ for the transformed BM world sheet with � ¼ 1=2.

FIG. 3 (color online). Side and top views of xðy1; y2Þ for the transformed BM world sheet with � ¼ 1=2.

EDWIN BARNES AND DIANAVAMAN PHYSICAL REVIEW D 81, 126007 (2010)

126007-8



x ¼ 2
ffiffiffi
2

p
x0

ð1� �Þð1þ x02 þ y0�y0�Þ þ 2ð1þ �Þy00
;

y0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �2

q 2y00 � 1� x02 � y0�y0�

ð1� �Þð1þ x02 þ y0�y0�Þ þ 2ð1þ �Þy00
;

y1 ¼
�1þ x02 þ y0�y0� þ 2y01

ð1� �Þð1þ x02 þ y0�y0�Þ þ 2ð1þ �Þy00
;

y2 ¼
1� x02 � y0�y0� þ 2y01

ð1� �Þð1þ x02 þ y0�y0�Þ þ 2ð1þ �Þy00
: (4.8)

The primed coordinates are the old coordinates, and the
unprimed are the new. Switching to hyperbolic coordinates

and plugging in the solution x0 ¼ we�ðwÞ, where �ðwÞ is as
given in (4.3), the ggqqworld sheet is described parametri-
cally according to

x¼ 2
ffiffiffi
2

p
we�

ð1��Þ½1þðw2�1Þe2��þ2ð1þ�Þe� cosh	;

y0¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ�2

q 2e�cosh	�1�ðw2�1Þe2�
ð1��Þ½1þðw2�1Þe2��þ2ð1þ�Þe�cosh	;

y1¼ �1þðw2�1Þe2�þ2e� sinh	

ð1��Þ½1þðw2�1Þe2��þ2ð1þ�Þe� cosh	;

y2¼ 1�ðw2�1Þe2�þ2e� sinh	

ð1��Þ½1þðw2�1Þe2��þ2ð1þ�Þe� cosh	: (4.9)

The ggqqworld sheet is swept out as w and 	 run over the

ranges ð ffiffiffi
2

p
;1Þ and ð�1;1Þ, respectively. This parametric

description is probably the easiest way to generate plots
like those shown in Figs. 3 and 4.

The Nambu-Goto action in the w, 	 coordinates takes
the form

S ¼ i

��0
Z 1

�1
d	

Z 1ffiffi
2

p
dw

w2ðw2 � 2Þ : (4.10)

This is of course identical to the single-cusp action, which
is studied in the Appendix. The action is clearly divergent,
which is to be expected since the corresponding field
theory amplitude is IR divergent and in need of regulari-
zation. In the Appendix, the divergence is regulated using a
UV momentum cutoff for the y00, y

0
1 coordinates. In the

present context, however, we are recasting the single-cusp
solution as a four-cusp solution, and it is more appropriate
to introduce a regulator in the new Poincare coordinates
y�, x, since it is these coordinates that have the interpre-

tation of momenta and an energy scale. We choose to
employ the radial cutoff regularization scheme, which
has been successfully applied to the case of four-gluon
scattering in [33]. Since the divergence arises only from
the region of the world sheet which lies at the boundary of
the T-dual AdS, it can be regulated by cutting off the
integration at a small value of x which we will call xc.

Before proceeding with the implementation of this regu-
larization scheme, we would first like to set up the calcu-

lation in such a way that we may touch base with the
massless limit. Since our world sheet reduces to the AM
world sheet in the massless limit, it should be possible to
obtain the gggg amplitude kinematic factor in this limit. In
this vein, thew coordinate poses an obstacle since it is not a
good coordinate for describing the AM world sheet solu-

tion, for which w is a constant. (In particular, w ¼ ffiffiffi
2

p
.)

Therefore, if we wish to find a result for the action which
contains both the gggg and ggqq kinematic factors as
limiting cases, we should replace w with a more suitable
coordinate, and in light of the AM solution, a natural
replacement is �. Using (4.3), one finds that the action
(4.10) in terms of � is

i2��0S ¼ 2
Z 1

�1
d	

Z 1

�1
d�

wð�Þ þ 1

wð�Þ3½wð�Þ þ 2� : (4.11)

We are now ready to implement the radial cutoff regu-
larization scheme. From (4.9), we see that the curve for
which x ¼ xc can be described by 	 ¼ �ð�Þ, where �ð�Þ
is given by

�ð�Þ ¼ cosh�1

� ffiffiffi
2

p
w

ð1þ�Þxc �
1��

2ð1þ�Þ ½e
�� � e� þw2e��

�
:

(4.12)

The regulated action is

i2��0S ¼ 4
Z �c

�1
d�

wþ 1

w3ðwþ 2Þ�ð�Þ: (4.13)

The upper integration limit �c is defined by the condition
�ð�cÞ � 0. The � integration limits in (4.13) lead to the
ggqq action. For the gggg action, the lower limit must be
replaced with ��c, as we can see by inspecting the argu-
ment of the arccosh in (4.12), which is an even function of

� when w ¼ ffiffiffi
2

p
. We will return to this later on. Finding a

closed-form expression for this integral is a daunting task
considering that wð�Þ is only defined implicitly through
(4.3). This is unnecessary, however, as it is still possible to
extract the most important pieces of the kinematic factor in
the amplitude from (4.13) by approximating the integrand.
We will make two approximations. In the first approxima-
tion, we replace the exact form forwð�Þ [which in principle
is obtained by inverting (4.3)] with an approximate form
that captures its asymptotic behavior. w has the properties

w � �e�� as � ! �1 and w ! ffiffiffi
2

p
as � ! 1.

Furthermore, as � ! 0, we approach the AM solution,

for which w ¼ ffiffiffi
2

p
for all �. [These properties can be

derived from (4.3), and a more complete discussion is
given in Appendix A.] Therefore, we will exchange the
exact wð�Þ with the piecewise function

wð�Þ ¼
� ffiffiffi

2
p

� � log �ffiffi
2

p
�e�� � 	 log �ffiffi

2
p : (4.14)

For any �, there is always a finite separation between (4.14)
and the exact wð�Þ in the neighborhood of the point � ¼
log �ffiffi

2
p . Despite this discrepancy, (4.14) is still a very useful
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approximation. We have checked numerically that the
effect of using (4.14) instead of the exact wð�Þ is to shift
the value of the action by a term of the form logðxcÞ þ
const. This term is independent of �. Therefore in this
approximation, we cannot evaluate precisely the single
logðxcÞ terms in the action. We also cannot reproduce the
overall additive constant, but this is scheme dependent
anyway.

We can write the action as the sum of two pieces: S ¼
S< þ S>, where S< is obtained by integrating the inte-
grand of (4.13) over the range � 2 ð�1; log �ffiffi

2
p �, and S> is

obtained by integrating over � 2 ½log �ffiffi
2

p ; �c�. Solving

�ð�cÞ ¼ 0 for �c gives

�c ¼ cosh�1

�
A� 1

B

�
; (4.15)

with A and B defined by

A � 2

ð1þ �Þxc ; B � 1� �

1þ �
: (4.16)

The integral for S< is easily done, and the result is of the
form logðxcÞ þ const. Since our approximation does not
accurately reproduce such terms, it is not sensible to keep
the contribution from S<, and we focus solely on S>:

� i2��0S> ¼
Z �c

logð�= ffiffi
2

p Þ
d�cosh�1ðA� B cosh�Þ

�
Z �c

logð�= ffiffi
2

p Þ
d� logð2A� Bej�jÞ: (4.17)

Here, we have introduced our second approximation to the
integrand, which assumes that A 
 1, which is equivalent
to xc � 1. In this approximation, we are merely throwing
away terms that vanish in the xc ! 0 limit, so the final
result for the regulated action is unaffected.

It is possible to compute the indefinite integral. For �
positive, we have

Z
d� logð2A� Be�Þ ¼ � logð2AÞ � Li2

�
B

2A
e�
�

þ Li2

�
B

2A

�
; (4.18)

while for negative �, we get

Z
d� logð2A� Be��Þ ¼ � �2

2
� i��þ � logB

� Li2

�
2A

B
e�
�
þ Li2

�
2A

B

�
:

(4.19)

In each case, we have chosen the integration constant to be
such that the antiderivative vanishes at � ¼ 0. This will
ensure that the antiderivative is continuous at � ¼ 0. We
then obtain for S>,

i2��0S> � logð2AÞ log
�
2A

B

�
� �2

6
þ 1

2
log2

�
�ffiffiffi
2

p
�

� log

�
�ffiffiffi
2

p
�
logBþ i� log

�
�ffiffiffi
2

p
�
� Li2

�
2A

B

�

þ Li2

�
2A

B

�ffiffiffi
2

p
�
: (4.20)

Also in the A 
 1 limit, we may approximate the dilogar-
ithm:

Li 2

�
2A

B

�
� �2

3
� 1

2
log2

�
2A

B

�
� i� log

�
2A

B

�
; (4.21)

Note that we have not said anything about the relationship
between A and �. Therefore, (4.20) should give either the
gggg amplitude or the ggqq amplitude depending on the
size of � relative to xc. If � � xc, then the entire world
sheet boundary lies below the infrared cutoff, which is
equivalent to considering the four-gluon case. The opposite
limit gives ggqq scattering. In order to obtain the gggg
amplitude, we should make the lower integration limit��c
instead of log �ffiffi

2
p , as the contribution from this portion of

the boundary is controlled by the infrared cutoff scale
instead of the mass scale in this case. In other words, we
should choose

� ¼ ffiffiffi
2

p
e�cosh�1½ðA�1Þ=B�: (4.22)

We then find in the large A limit

� i2��0Sgggg � 2 logð2AÞ log
�
2A

B

�
� �2

3
: (4.23)

A and B can be related to the quark mass and Mandelstam
variables as they are defined in (3.26) and (3.27):

A ¼
ffiffiffiffiffiffi�t

p
2�

; B ¼
ffiffiffiffi
st

p
m2 � s

: (4.24)

Here, the quark mass is m ¼ m2 ¼ m3, and � is an IR
cutoff scale defined by

� � xc

2
ffiffiffi
2

p
��0 : (4.25)

In the limit m ! 0, we then have

� i2��0Sgggg � 2 log

�
�ffiffiffiffiffiffi�t

p
�
log

�
�ffiffiffiffiffiffiffi�s

p
�
þ . . . : (4.26)

We have replaced the��2=3 term with ‘‘. . .’’ to reflect the
fact that we cannot claim to have computed the correct
constant piece in Sgggg, and we may also be missing terms

linear in logð�Þ. Setting 1=�0 ¼ ffiffiffiffi
�

p
where � is the ’t Hooft

coupling, and rearranging the logarithms in (4.26) yields
the familiar result for the four-gluon scattering kinematic
factor:
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�iSgggg ¼
ffiffiffiffi
�

p
2�

�
log2

�ffiffiffiffiffiffiffi�s
p þ log2

�ffiffiffiffiffiffi�t
p � 1

4
log2

s

t

�
þ . . . : (4.27)

Now we turn to computing Sggqq. If we instead suppose

that � 
 xc, then A 
 1=�, and the argument of the
second dilog in (4.20) is large. We can therefore expand
it according to (4.21). Expanding both dilogarithms in
(4.20) and canceling terms leaves us with

�i2��0Sggqq � logð2AÞ log
�
2A

B

�
� �2

6

� logð2AÞ log
�
�ffiffiffi
2

p
�
: (4.28)

In terms of the mass and Mandelstam variables, this is

�i2��0Sggqq � log

�
�ffiffiffiffiffiffi�t

p
��

log

�
�

ffiffiffiffiffiffiffi�s
p

m2 � s

�
þ log

�
mffiffiffiffiffiffiffi�s

p
��

þ . . . : (4.29)

Here, we have used � ¼ m=
ffiffiffiffiffiffiffi�s

p
, which can be derived

from (3.26) and (3.27). Note that we have thrown away a
term of the form � 1

2 log2 logð�=
ffiffiffiffiffiffi�t

p Þ as well as the

constant ��2=6, in accordance with the validity of our
approximation scheme. Replacing �0 in favor of the
’t Hooft coupling and rearranging terms gives

�iSggqq �
ffiffiffiffi
�

p
4�

�
log2

�ffiffiffiffiffiffi�t
p þ log2

�ffiffiffiffiffiffiffi�s
p � 1

4
log2

s

t

þ 2 log
�ffiffiffiffiffiffi�t

p log
m

ffiffiffiffiffiffiffi�s
p

m2 � s

�
þ . . . : (4.30)

It is interesting to note that the leading log2� divergence is
half that of the four-gluon result. The same feature arises in
the one-loop Sudakov form factor for 2-2 massive quark-
gluon scattering in real QCD [34]. Also notice that the
four-gluon result can be obtained from Sggqq by sending

m ! �. In general, one does not expect this limit to be
smooth however [36], and the connection between Sggqq
and Sgggg only appears smooth here because we have

neglected subleading terms.

V. AWORLD SHEET FOR FOUR-QUARK
SCATTERING

We have seen that by generalizing the single-cusp solu-
tion of Alday andMaldacena (3.1) to a single-cusp solution
which ends at an arbitrary value of x (which we called �),
we obtain after the transformation (3.5) a four-cusp solu-
tion in which two of the bounding line segments have been
given a mass. Wewould now like to address the question of
whether or not there exists a further generalization of the
Alday-Maldacena solution that will produce, upon appli-
cation of (3.5), a four-cusp solution where all four bound-

ing line segments receive a mass. In what follows, we will
see that there indeed exists such a generalization.
In order to figure out what the appropriate generalization

is, it helps to take a closer look at how the case of ggqq
scattering worked. In particular, a careful inspection of the
above results for ggqq scattering worldsheets reveals that a
4d lightlike cusp at x ¼ � transforms to a 4d timelike cusp
at x ¼ xD7 whose boundary is specified by the following
two lines:

y2 ¼ 1� �2 þ �2y1; y1 ¼ �1þ �2 þ �2y2: (5.1)

The point of this cusp is located at ðy1; y2Þ ¼ 1��2

1þ�2
ð�1; 1Þ.

More precisely, the original lightlike cusp connects to three
other cusps at infinity. Under the transformation (3.5), the
lightlike cusp becomes the timelike cusp at x ¼ xD7, and
the other three cusps (which lie at x ¼ 0) come in from
infinity. So there is a real sense in which the portion of the
ggqq boundary which lies above the line y1 ¼ y2 (also the
portion for which x � 0) is the image of the original
lightlike cusp under the map (3.5). We will refer to this
portion of the ggqq world sheet as a ‘‘massive’’ cusp.
The boundary of a qqqq world sheet would have two

such massive cusps. For the case where all four massive
particles are of the same mass, we can construct this
boundary by reflecting the two lines in (5.1) through the
y1 ¼ y2 plane. The ‘‘mirror image’’ cusp then has bound-
ary

y1 ¼ 1� �2 þ �2y2; y2 ¼ �1þ �2 þ �2y1; (5.2)

with the tip at ðy1; y2Þ ¼ 1��2

1þ�2
ð1;�1Þ.

So far, all we have done is to construct a polygon in the
y1=y2 plane which could be interpreted as a qqqq world
sheet boundary. This polygon is shown in Fig. 5. The
polygon is made up of the original massive cusp and its
mirror image. We already know that the original massive
cusp is the image of a lightlike cusp at x ¼ � under the map
(3.5). What about the mirror image cusp? It turns out that
this is also related to a lightlike cusp. To see this, note that
(5.2) can be obtained from (5.1) by taking � ! 1

� . This

means that (5.2) is also a solution to (3.17), but with � ! 1
� .

So the mirror image cusp maps under the (inverse of)
transformation (3.5) to a lightlike cusp lying at x ¼ 1

� .

The lightlike cusps at x ¼ � and x ¼ 1
� intersect at infinity.

(The same can be said of any two parallel lightlike cusps
regardless of their x position.) This intersection is revealed
by the transformation (3.5), which produces massive cusps
which intersect at the points ðy1; y2Þ ¼ ð1; 1Þ and ð�1;�1Þ.
Figure 5 shows the worldsheet boundary in the case

where all four-quark masses are equal, but it is easy to
generalize this to the case where two of the quarks have the
same mass while the other two share a different mass. This
is achieved by allowing the two lightlike cusps to lie at any
two values of x, which we call �l and �u, and we assume
without loss of generality that �u > �l. The four vertices
depicted in Fig. 5 then generalize to
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��1þ �2l
1þ �2l

;
1� �2l
1þ �2l

;
2

ffiffiffi
2

p
�l

1þ �2l

�
;

��1þ �2u
1þ �2u

;
1� �2u
1þ �2u

;
2

ffiffiffi
2

p
�u

1þ �2u

�
; ð1;1;0Þ; ð�1;�1;0Þ:

(5.3)

y0 along the boundary can be obtained from (3.12). As
before, this boundary corresponds to a special kinematic
regime which we can generalize by performing a boost in
the Y0=Y4 plane with boost parameter �. Following the
analysis of Sec. III, we find that the momenta are given by

2��0k�1 ¼ 2

1� �2

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �2

q
;
�� �2u
1þ �2u

;
�1þ ��2u
1þ �2u

�
;

2��0k�2 ¼ 2

1� �2

�
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �2

q
;
�2l � �

1þ �2l
;
1� ��2l
1þ �2l

�
;

2��0k�3 ¼ 2

1� �2

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �2

q
;
1� ��2l
1þ �2l

;
�2l � �

1þ �2l

�
;

2��0k�4 ¼ 2

1� �2

�
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �2

q
;
�1þ ��2u
1þ �2u

;
�� �2u
1þ �2u

�
:

(5.4)

The masses associated with these momenta are

m2
1 ¼ m2

4 ¼
8�2u

ð2��0Þ2ð1� �Þ2ð1þ �2uÞ2
;

m2
2 ¼ m2

3 ¼
8�2l

ð2��0Þ2ð1� �Þ2ð1þ �2l Þ2
;

(5.5)

and the Mandelstam variables are given by

s ¼ �ðk1 þ k2Þ2

¼ � 8ð�2u � �2l Þ2
ð2��0Þ2ð1� �Þ2ð1þ �2l Þ2ð1þ �2uÞ2

;

t ¼ �ðk1 þ k4Þ2 ¼ � 8

ð2��0Þ2ð1þ �Þ2 :

(5.6)

The case of ggqq scattering is reproduced by sending
�u ! 1. gggg scattering results are obtained by also tak-
ing �l ! 0.
These arguments lead us to consider surfaces in the

original AdS space (before (3.5) is applied) which end on
two lightlike cusps located at different values of x. This
would be a generalization of the Berkovits-Maldacena
solution ending on a single cusp which was employed in
Sec. IV to produce the ggqq world sheet. In this case,
solutions of the form xðy0; y1Þ will not be single valued. In
particular, we should expect from the symmetries of the
problem that xðy0; y1Þ will be a double-valued function for
a world sheet extending between two cusps at different
values of x. To avoid dealing with a double-valued func-
tion, we can instead solve for a function TðxÞ where T ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y20 � y21

q
. Rewriting the Nambu-Goto Lagrangian in terms

of TðxÞ, one finds

L ¼ 1

2��0
T

x2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T02 � 1

p
; (5.7)

with equation of motion

xTT00 þ ð2TT0 � xÞðT02 � 1Þ
x3ðT02 � 1Þ3=2 ¼ 0: (5.8)

We are interested in solutions which end on lightlike cusps
at two different values of x. This means that TðxÞ has (at
least) two roots, one at x ¼ �l and one at x ¼ �u. If the two
roots are inverses of each other, then all four quarks will
have the same mass. More general root locations should
lead to qqqq scattering amplitudes for which two of the
quarks have one mass and the other two have a different
mass.
Happily and perhaps surprisingly, exact solutions for

TðxÞ exhibiting the desired root structure can be obtained
by joining together world sheet solutions which end on a
single cusp. Two different classes of such solutions have
already been found, one by Berkovits and Maldacena [15]
and the other by Sommerfield and Thorn (ST) [35]. TðxÞ
can be constructed by joining a solution of the BM class to
a solution of the ST class, and the resulting world sheet is
smooth. Furthermore, the TðxÞ obtained in this way has
exactly two roots which can assume any positive values. A
detailed review of these classes of single-cusp solutions
can be found in Appendix A. In the following, we will
highlight only the most important results from the
Appendix.
As for the single-cusp solution leading to the ggqq

scattering world sheet, all the BM and ST single-cusp

(1, 1, 0)

(-1, -1, 0) 

1 2

1 2
,

1 2

1 2
,

2 2

1 2

1 2

1 2
,

1 2

1 2
,

2 2

1 2

y1

y2

x

FIG. 5. The bounding timelike line segments of the four-cusp
qqqq all-masses-equal world sheet viewed in the y1, y2, x
subspace.
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solutions can be constructed by working with the hyper-
bolic coordinates w and 	 defined in (4.1), and by looking

for solutions of the form x ¼ we�ðwÞ. The full set of solu-
tions can be written in the form

�ðwÞ ¼ �1
2 logðw2 � 1Þ þ 
GðwÞ þ log�: (5.9)


 takes the values �1, where 
 ¼ þ1 corresponds to ST-
type solutions and 
 ¼ �1 corresponds to BM-type solu-
tions. GðwÞ is a complicated expression involving elliptic
functions which can be found in the Appendix, but the
precise form of G will not be necessary for the present
discussion. The only facts about G that we will need here
are that it is real, finite, and strictly negative in the range

ðw0;1Þ for some w0 >
ffiffiffi
2

p
, and that G also depends on a

continuous parameter which we can choose to be w0. It is
also true that G vanishes in the limit w ! 1, and its first
derivative diverges at w ¼ w0.

We can construct solutions for TðxÞ with roots at �l and
�u from (5.9). This can be seen by considering, for ex-
ample, the xðwÞ which results from (5.9):

xðwÞ ¼ �
wffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

w2 � 1
p e
GðwÞ: (5.10)

Recalling that the lightlike cusp boundary is approached by
sendingw ! 1, we see that the vanishing ofG in this limit
implies x ¼ �. Therefore, all of the solutions in (5.10) end
on lightlike cusps at x ¼ �. Furthermore, a closer look at
(5.10) reveals that solutions with 
 ¼ �1 extend upward
from the cusp toward larger values of x, while solutions
with 
 ¼ þ1 extend downward from the cusp. This sug-
gests the possibility of constructing a world sheet stretch-
ing between lightlike cusps at two different values of x by
joining a solution with 
 ¼ þ1 to a solution with
 ¼ �1.
Consider the following two solutions:

xu ¼ �u
wffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

w2 � 1
p eGðwÞ; xl ¼ �l

wffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 � 1

p e�GðwÞ:

(5.11)

The first solution ends on a lightlike cusp at x ¼ �u and
extends downward, while the second solution ends on a
lightlike cusp at x ¼ �l and extends upward. So long as the
two solutions are chosen to have the same value of w0 with

w0 chosen such that �u=�l ¼ e�2Gðw0Þ, then the two solu-
tions will join smoothly at w ¼ w0,

4 producing a smooth
world sheet stretching between the two cusps. The two

solutions join together at x ¼ ffiffiffiffiffiffiffiffiffi
�u�l

p
w0=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w2

0 � 1
q

.

Although the two-cusp solutions we have described
yield exact solutions to (5.8), we do not have a closed
form for TðxÞ, so we rely on numerics for a study of its

properties. TðxÞ can be constructed numerically by plotting

T ¼ e�ðwÞ versus xðwÞ for each of the solutions xlðwÞ and
xuðwÞ over the range ðw0;1Þ. Figure 6 shows TðxÞ for a
particular choice of roots, but the qualitative behavior is the
same for any choice of �u > �l.
For example, it is always the case that TðxÞ has only one

extremum (obviously always a maximum since T � 0)
between �l and �u. Therefore, we divide the interval
ð�l; �uÞ into two intervals ð�l; xmaxÞ and ðxmax; �uÞ, with
xmax denoting the value of x at which TðxÞ attains its
maximum. We may then invert TðxÞ on each of these
intervals to obtain xLðTÞ and xUðTÞ. Replacing T byffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y20 � y21

q
in xL and xU allows us to plot the two-cusp world

sheet in the AdS3 subspace parametrized by y0, y1, and x.
This is shown in Fig. 7. It is important to note that xmax is
not the same as the joining point of the two solutions,

xjoin ¼ ffiffiffiffiffiffiffiffiffi
�u�l

p
w0=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w2

0 � 1
q

, so that xU and xL are distinct

from xu and xl. Indeed, if we attempted to construct xuðTÞ,
we would run into difficulty because xuðTÞ is not single
valued.
We are now ready to apply the map (3.5) to obtain a four-

cusp world sheet describing four-quark scattering. By writ-

ing y00 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2 þ y021

q
and x0 ¼ xðTÞ in (4.8), we can para-

metrically generate the transformed two-cusp world sheet
using the solutions we have for xLðTÞ and xUðTÞ. To obtain
the entire world sheet, we need two copies of (4.8), one
with x0 ¼ xL and one with x0 ¼ xU. Examples of massive
four-cusp world sheets produced in this way are shown in
Figs. 8 and 9.
The Nambu-Goto action evaluated on the solution (5.10)

and regulated with the radial cutoff xc is

S
;� ¼ iw0w�
��0

Z 1

w0

dw
�ðwÞ

w2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 � w2

0

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 � w2�

p ; (5.12)

with w� � w0=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w2

0 � 1
q

and �ðwÞ is given by

�ðwÞ ¼ cosh�1

� ffiffiffi
2

p
w

ð1þ �Þxc �
ð1� �Þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

w2 � 1
p

ð1þ �Þ
� coshð
GðwÞ þ log�Þ

�
: (5.13)

2 3 4
x

0.4

0.8

1.2
T

FIG. 6 (color online). TðxÞ with �l ¼ 0:50 and �u ¼ 4:52.

4Smoothness follows from the fact that the two solutions are
just different branches of a single solution to a nonlinear second-
order differential equation. In other words, choosing �u and �l in
this way fixes the boundary conditions necessary to uniquely
specify a smooth TðxÞ which solves (5.8).
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The action for the full world sheet is given by the sum of
the contributions from xu and xl:

Sqqqq ¼ S1;�u þ S�1;�l : (5.14)

Note that unlike the case of ggqq scattering, the inte-
gration limits in (5.12) do not depend on the radial cutoff.
This is because the four-quark world sheet boundary lies
almost entirely above x ¼ xc (only infinitesimal regions
near the two vertices at x ¼ 0 lie below the cutoff),
whereas more than half of the ggqq boundary lies below
the cutoff. Because GðwÞ is finite for all w in the range

ðw0;1Þ (so long as w0 >
ffiffiffi
2

p
), we can expand in powers of

xc
5:

�ðwÞ ¼ � logxc þ log

�
2

ffiffiffi
2

p
w

ð1þ �Þ
�
þOðxcÞ; (5.15)

S
;� ¼ iw0w�
��0 log

�
2

ffiffiffi
2

p
ð1þ �Þxc

�

�
Z 1

w0

dw

w2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 � w2

0

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 � w2�

p þ iw0w�
��0

�
Z 1

w0

dw
logw

w2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 � w2

0

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 � w2�

p : (5.16)

In the limit xc ! 0, the dependence of the action on 
 and
� drops out, so that the contributions from xu and xl are
equal, and we no longer need to distinguish between them.
Note that the action still depends on the ratio �u=�l through

its dependence on w0 via the relation �u=�l ¼ e�2Gðw0Þ.
Performing the first integration and simplifying slightly the
second, the total action becomes

Sqqqq ¼
2i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w2

0 � 1
q
��0w0

log

�
2

ffiffiffi
2

p
w0

ð1þ �Þxc
��

K

�
1

w2
0 � 1

�

� E

�
1

w2
0 � 1

��
þ i

2��0w0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w2

0 � 1
q I

�
w2

0 � 2

w2
0 � 1

�
:

(5.17)

K and E are complete elliptic integrals of the first and third
kinds, respectively, and

IðaÞ �
Z 1

0
dz

logð1þ zÞ
ð1þ zÞ3=2 ffiffiffi

z
p ffiffiffiffiffiffiffiffiffiffiffiffi

zþ a
p : (5.18)

IðaÞ is a finite and weakly varying function of a. In
particular, as a varies from 0 to 1, IðaÞ varies monotoni-
cally from 0.93 to 0.61. However, due to the elliptic func-
tions in S and the fact that we do not have a closed form for
IðaÞ, it is difficult to express S as a function of the quark
masses and Mandelstam variables. In order to obtain an
expression of this form, we will consider the small mass
limit. More precisely, we will consider the limits �l � 1
and �u 
 1. This limit is different from the case of ggqq
scattering because we keep �l=�u 
 xc. When �l=�u is

small, w0 �
ffiffiffi
2

p
. As w0 approaches

ffiffiffi
2

p
, every term in S

remains finite except for the elliptic function K, which
diverges logarithmically. If we expand the function

Gðw0Þ about w0 ¼
ffiffiffi
2

p
, we find

Gðw0Þ ¼ � ffiffiffi
2

p
K

�
1

w2
0 � 1

�
� logð ffiffiffi

2
p � 1Þ þOðw0 �

ffiffiffi
2

p Þ:
(5.19)

Therefore, using the relation between Gðw0Þ and �u=�l, we
may write

K

�
1

w2
0 � 1

�
� �Gðw0Þffiffiffi

2
p � logð ffiffiffi

2
p � 1Þffiffiffi
2

p

¼ 1

2
ffiffiffi
2

p log
�u
�l

� logð ffiffiffi
2

p � 1Þffiffiffi
2

p : (5.20)

Thus in the limit �l � �u, the action is given by

Sqqqq �� i

��0 log
�ð1þ�Þxc

4

��
1

2
log

�u
�l

� logð ffiffiffi
2

p � 1Þ � ffiffiffi
2

p � 1

�
þ i

2
ffiffiffi
2

p
��0 Ið0Þ: (5.21)

A review of (5.5) and (5.6) reveals that we may write

ð1þ �Þxc � 4�ffiffiffiffiffiffi�t
p ;

�u
�l

¼ �s

m1m3

; (5.22)

where we have defined the IR cutoff � as in Sec. IV,

FIG. 7 (color online). The world sheet extending between two
lightlike cusps at x ¼ 1=2 and x ¼ 4:53.

5This limit assumes that xc=�
0 is much smaller than the quark

masses. In the opposite limit, one would expect to get back the 4-
gluon amplitude (4.27), and we have checked numerically that
this is indeed the case.
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namely � � xc=ð2
ffiffiffi
2

p
��0Þ. Using also that Ið0Þ ¼ 1

2�
2 �

4 and �0 ¼ ffiffiffiffi
�

p
, the action then becomes

�iSqqqq �
ffiffiffiffi
�

p
�

log

�
�ffiffiffiffiffiffi�t

p
��

log

� ffiffiffiffiffiffiffiffiffiffiffiffi
m1m3

p ffiffiffiffiffiffiffi�s
p

�
þ logð ffiffiffi

2
p � 1Þ

þ ffiffiffi
2

p þ 1

�
þ const: (5.23)

The IR divergence appearing in Sqqqq was built in from

the beginning of the calculation. It arises from the fact that
the Lagrangian evaluated on the qqqqworld sheet solution
is independent of the world sheet coordinate 	 so that the
action contains the overall factor

R1
�1 d	. A similar

single-log divergence also arises in massive parton scatter-
ing in QCD [34]. Note that in the case where m1 ¼ m3, we
must include in Sqqqq the contribution of an additional

world sheet. This second world sheet is essentially the
same as the one we have constructed above, but with s
and t exchanged. The relation between the two world
sheets is analogous to a crossing symmetry in field theory.
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APPENDIX A: EXACT SINGLE-CUSP WORLD
SHEET SOLUTIONS

A class of world sheet solutions was found by Berkovits
and Maldacena in Appendix B of [15]. These solutions end
on two intersecting lightlike lines which lie on a plane
located a finite distance away from the AdS5 boundary at
x ¼ 0. We can think of these solutions as single-cusp
solutions which have been regulated using an IR regulator
D3-brane which we take to be located at x ¼ �. One of
these solutions is used in Sec. IV to construct ggqq scat-
tering world sheets. We will in fact consider a simple
extension of the set of solutions derived in [15]. The addi-
tional solutions we will study were found by Sommerfield
and Thorn [35]. We will show that these solutions also end
on lightlike cusps located at a finite value of x. However,
they cannot be thought of as IR-regulated versions of world
sheets ending on cusps at x ¼ 0 because the ST world
sheets hang below the cusps on which they end. By com-
bining BM solutions with ST solutions, it is possible to
construct exact world sheet solutions describing four-quark
scattering, which is the focus of Sec. Vof this paper. In this
appendix, we will review the derivation and properties of
both sets of solutions.
We begin by choosing coordinates � and 	 such that

y0 ¼ e� coshð	Þ; y1 ¼ e� sinhð	Þ; (A1)

FIG. 8 (color online). xðy1; y2Þ and y0ðy1; y2Þ for �l ¼ 0:125 and �u ¼ 5:53.

FIG. 9 (color online). xðy1; y2Þ and y0ðy1; y2Þ for �l ¼ 0:50 and �u ¼ 1:96.
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and we suppose that x is only a function of � and is taken to
be of the form

x ¼ wð�Þe�: (A2)

The Nambu-Goto Lagrangian reduces to

L �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ðwþ w0Þ2p

w2
: (A3)

Since this has no explicit � dependence, the corresponding
Hamiltonian is conserved:

H ¼ wðwþ w0Þ � 1

w2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ðwþ w0Þ2p ¼ const: (A4)

This conservation law allows us to solve for w0:

w0 ¼ 1� w2 �H2w4 þ 

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
H4w6 þH2w4 �H2w2

p

H2w3 þ w
;

(A5)

where 
 ¼ �1.
BM actually only considered solutions with 
 ¼ �1.

Solutions with 
 ¼ þ1 were analyzed by ST [35]. We will
allow for both possible signs in what follows. The case
H2 ¼ �1=4 was analyzed both by BM 6 and by ST, and it
is of particular importance. BM showed that this solution is
the only one which asymptotes to the single-cusp solution
of AM [1]. This is evidenced by the fact that the AM
solution also obeys H2 ¼ �1=4. Thus, in the limit where
the IR regulator brane rejoins with the stack of D3-branes,
i.e. when � ! 0, the BM solution with H2 ¼ �1=4 be-
comes the AM single-cusp solution.

For H2 ¼ �1=4, (A5) becomes

w0 ¼ � ðw2 � 2Þðw� 
Þ
wðw� 2
Þ : (A6)

This is easily integrated to yield an implicit form for wð�Þ:

Ce� ¼ 1

w� 


�
w� ffiffiffi

2
p

wþ ffiffiffi
2

p
�

=

ffiffi
2

p
: (A7)

Setting 
 ¼ �1 gives the IR brane-regulated solution of
BM, for which we take C ¼ 1=�. It is this solution that we
employ in Sec. IV to obtain the ggqq world sheet.
Equation (4.4) is obtained from (A7) by rewriting w and

� in terms of x and
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y20 � y21

q
and rearranging the result.

The solution with 
 ¼ þ1 also ends on a cusp at x ¼ �.
However, unlike the solution studied by BM, this solution
extends downward from the cusp toward smaller values of
x. In fact, this solution ends on a second lightlike cusp at
x ¼ 0, as is evident from the fact that � ! �1 at both

w ¼ 1 andw ¼ ffiffiffi
2

p
. This solution is also related to a ggqq

world sheet which is essentially the same world sheet as

that obtained from the BM solution in Sec. IV, but with the
quark pair swapped with the gluon pair.

ST focused on the 
 ¼ þ1 solution for which 1<w 	ffiffiffi
2

p
, in which case one must take the constant C ¼

ð�1Þ1=
ffiffi
2

p
� real. This solution does cover the interior of

the cusp. However, it does not end on a cusp lying at a finite
value of x but instead ends on a lightlike cusp at x ¼ 0, so
this solution does not play a role in the study of massive-
particle scattering.7

Since the AM solution is thought to be unique, we
expect that the remainder of the solutions with H2 �
�1=4 will not admit an interpretation as IR-regulated
world sheets ending on a lightlike cusp at the AdS bound-
ary. We will now show that this is indeed the case. We
would first like to determine how many of these solutions
correspond to a world sheet which ends on a lightlike cusp
lying at x ¼ � > 0. This cusp is located at � ¼ �1. Since
x ¼ we�, it must be that w� e�� as � ! �1 if x is to go
to a positive constant in this limit. Taking w ! 1 in (A5)
reveals that w0 ! �w, so that indeed w ¼ �e�� irrespec-
tive of the value of H2. Therefore, we conclude that any
value of H2 will yield a solution ending on a lightlike cusp
lying at x ¼ �.
However, requiring the world sheet to end on a lightlike

cusp at x ¼ � is not sufficient to ensure that the worldsheet
will have the appropriate boundary behavior as � ! 0.
That is, we still need to check that the solutions extend
all the way to � ¼ 1. In particular, it is possible that some
of these solutions will end at a finite value of �, resulting in
an extra unwanted world sheet boundary. Such solutions
exhibiting an extra boundary should not be counted along
with the AM solution in a computation of the cusp ampli-
tude. In fact, it turns out that only the H2 ¼ �1=4 solution
found by BM extends all the way to � ¼ 1.8 The simplest
way to see this is to integrate A5 directly. The result is

�ðwÞ ¼ �1
2 logðw2 � 1Þ þ 
GðwÞ þ log�; (A8)

where we have defined

GðwÞ � i

w2
0 � 1

�
w0F

�
isinh�1

�
w0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

w2 � w2
0

q �
; 1� w2�

w2
0

�

� 1

w0
�

�
w2

0 � 1

w2
0

; isinh�1

�
w0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

w2 � w2
0

q �
; 1� w2�

w2
0

��
;

(A9)

6Note that BM had an extra factor of i in the definition of the
Lagrangian (A3), which is why their constant of motion c2 ¼
�H2.

7We should also point out that, unlike the AM single-cusp
solution, this solution does not lead to a four-gluon solution
owing to the behavior of the solution at infinity. Details can be
found in [35].

8At this point, we might also consider eliminating world sheets
that extend downward instead of upward from the x ¼ � plane,
but this turns out to not be necessary as the condition that the
world sheet extends all the way to � ¼ 1 is strong enough to
eliminate all but one solution.
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and

w2
0 �

�1þ sgnðH2Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4H2

p

2H2
;

w2� � �1� sgnðH2Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4H2

p

2H2
:

(A10)

Notice that w2
0 � w2� for all H2 � �1=4. F is an incom-

plete elliptic integral of the first kind, while � is an
incomplete elliptic integral of the third kind. The integra-
tion constant was chosen to be log� so as to agree with the
behavior w ! �e�� in the limit � ! �1, w ! 1. It is
straight forward to check that the solution is real for w �
w0. In order for the solution to completely cover the
interior of the cusp, it would have to be the case that � !
1 for some value of w � w0. However, (A8) is finite for
w � w0 unlessH

2 ¼ �1=4 orH ¼ 0, in which cases (A8)
diverges at w ¼ w0. Figure 10 shows typical behavior of
�ðwÞ for each choice of 
 ¼ �1. The solution with H ¼ 0
will be studied further in Appendix B, where it will be
shown that the world sheet is timelike so that the associated
scattering amplitude receives a phase instead of an expo-
nential suppression factor. Thus, only the solution with
H2 ¼ �1=4 can properly be thought of as a regulated
version of a world sheet ending on a lightlike cusp at x ¼
0, in support of the conjectured uniqueness of the AM
solution.

However, the remaining solutions with H2 >�1=4 do
have a physical interpretation as revealed in Sec. V, so we
will now examine their properties more closely. We have
already noted that the solutions are real in the region w �
w0. As w ! 1, the world sheet approaches the lightlike
cusp at x ¼ �, while at w ¼ w0, the solution appears to
abruptly end at a finite value of �which wewill call �0. It is
clear from (A5) that w0 ¼ 0 at � ¼ �0. This in turn implies
that j�0ðw0Þj ¼ 1. Note that this is true regardless of the
choice of 
 ¼ �1 in (A5) and (A8). That is, both the BM
and ST solution sets exhibit this behavior. This is depicted
in Fig. 10.

Figure 11 shows typical behavior for xðwÞ, which can be
constructed from �ðwÞ using that x ¼ we�. Recalling that
the lightlike cusp is approached as w ! 1, the figure
shows the general property that solutions with 
 ¼ �1
extend away from the AdS boundary [xðwÞ decreases as w
increases], while solutions with 
 ¼ þ1 extend toward the

AdS boundary [xðwÞ increases as w increases]. Put another
way, solutions with 
 ¼ �1 extend upward form the cusp
toward larger values of x, while solutions with 
 ¼ þ1
hang down from the cusp, extending to smaller values of x.
The fact that the two types of solutions, those with 
 ¼

þ1 and those with 
 ¼ �1, extend away from the cusp in
different directions suggests the interesting possibility of
constructing a solution which ends on two different light-
like cusps lying at different values of x. This solution
would be comprised of a pair of solutions, one with 
 ¼
þ1 and one with 
 ¼ �1. As is clear from Fig. 11, the
total solution will be a connected surface so long as the two
solutions have the same value of H2 (and thus the same
value of w0) and so long as the parameter � for each
solution is chosen appropriately. In Fig. 11, the �’s were
chosen such that the two solutions have the same value of x
at w0. Not only is the resulting total surface connected, it is
also smooth, as is guaranteed by the fact that the two
solutions are just different branches of a single solution
to the nonlinear differential equation (A4). An example of
such a surface extending between two lightlike cusps is
shown in Fig. 7.
A natural question to ask is whether it is possible to find

a solution joining two lightlike cusps located at any two
values of x. This can be answered by examining the con-
dition

�ðw0; 
 ¼ 1; � ¼ �uÞ ¼ �ðw0; 
 ¼ �1; � ¼ �lÞ: (A11)

Using A8, the condition A11 can be restated as

�u ¼ e�2Gðw0Þ�l: (A12)

We have checked that Gðw0Þ is a negative, monotonic
function of H2 such that as H2 ! �1=4, G ! �1 and
as H ! 0�, G ! 0. This then implies that for any choice
of �l, one can obtain any value of �u > �l by making an
appropriate choice of H2 from the range (� 1=4, 0). We
will show below that solutions with H2 � 0 give world
sheets of a Minkowskian signature, while solutions with
H2 < 0 giveworld sheets with a Euclidean signature. Thus,
all the solutions with �1=4<H2 < 0 lead to Euclidean
world sheets extending between two lightlike cusps located
at any two values of x.

w0 10 15 20
w

w0 10 15 20
w

FIG. 10 (color online). �ðwÞ for 
 ¼ �1 (left) and 
 ¼ þ1
(right) with H2 ¼ �1=5.

w0 10 15 20
w

1

2

3

4

x

FIG. 11 (color online). xðwÞ for H2 ¼ �1=5 with 
 ¼ þ1,
� ¼ 4:53 (red dashed line) and with 
 ¼ �1, � ¼ 1=2 (blue
solid line).
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In Sec. V, we use these two-cusp solutions to construct
massive four-cusp world sheets. As explained in Sec. V, the
two-cusp solution can be described by a function TðxÞ
where T ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y20 � y21

q
. TðxÞ is closely related to �ðwÞ since

T ¼ e�. It is easy to construct numerically the TðxÞ asso-
ciated with the �ðwÞ given in (A8) by making a plot of

TðwÞ ¼ e�ðwÞ versus xðwÞ ¼ we�ðwÞ. This is the method
employed in the construction of the plots in Sec. V.

For the sake of completeness, we will conclude this
section by computing the action for all values of H2 �
�1=4. This is facilitated by rewriting the action as an
integral over w rather than �. The action becomes

S ¼ � 1

2��0
Z

d	
Z 1

w0

dw

w2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�1þ w2 þH2w4

p : (A13)

It is helpful to do a coordinate transformation to u ¼ w2:

S ¼ � 1

4��0 ffiffiffiffiffiffiffi
H2

p
Z

d	
Z 1

u0

du

u3=2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u� u0

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u� u�

p ;

(A14)

where u0 � w2
0 and u� � w2�. The 	 integration gives rise

to a divergence because we have not yet introduced a UV
cutoff. Since the four-momenta correspond to the legs of
the cusp, we will impose the cutoff in the coordinate
system whose axes coincide with the cusp:

y� ¼ y0 � y1 	 L ) � 	 logL;

�� logL 	 	 	 logL� �: (A15)

We then have

S ¼ � 1

2��0 ffiffiffiffiffiffiffi
H2

p
�
log

L

�

Z 1

uL

du

u3=2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u� u0

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u� u�

p

�
Z 1

uL

du
�ð ffiffiffi

u
p Þ � log�

u3=2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u� u0

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u� u�

p
�
; (A16)

where uL is defined such that uL ! u0 as L ! 1.
Consider first the case H2 >�1=4, for which we have

that u0 > u� and � is finite for all u � u0, so that both
integrals in (A16) are finite even when we let uL ! u0. The
second integral is then a finite constant independent of L
and � so that we may ignore it compared to the first
integral. This first integral evaluates to

S � logL�

��0 ffiffiffiffiffiffiffi
H2

p ffiffiffiffiffi
u0

p
u�

�
E

�
u�
u0

�
� K

�
u�
u0

��
: (A17)

K is a complete elliptic integral of the first kind, whereas E
is a complete elliptic integral of the second kind. SðH2Þ is a
smooth function of H2 for �1=4<H2 < 0. It diverges as
H2 ! �1=4 and goes to zero as H2 ! 0 from below. Also
note that it is purely imaginary in this region, i.e. the world
sheets for�1=4 	 H2 < 0 are Euclidean. ForH2 � 0, S is
purely real, diverges as H2 ! 1, and goes to a finite
constant as H2 ! 0 from above so that SðH2Þ is discon-

tinuous at H2 ¼ 0. Therefore, the world sheets for H2 � 0
are Minkowskian and will only lead to a phase factor for
associated scattering amplitudes instead of an exponential
suppression. This is why we have largely ignored theH2 �
0 world sheets in this paper.
We now return to the case H2 ¼ �1=4. This time,

neither integral in (A16) is finite if we allow uL ! u0, so
we must keep uL > u0. It is possible to perform both
integrals when H2 ¼ �1=4 since �ðwÞ simplifies:

�ðwÞ ¼ � logðw� 
Þ þ 
ffiffiffi
2

p logðw� ffiffiffi
2

p Þ

� 
ffiffiffi
2

p logðwþ ffiffiffi
2

p Þ þ log�: (A18)

This follows immediately from (A7). It can also be ob-
tained as a limiting case from (A8). Setting � ¼ logL and

taking L=� to be sufficiently large (so that w � ffiffiffi
2

p
), we

may write

wL � ffiffiffiffiffiffi
uL

p ¼ ffiffiffi
2

p þ
�
L

�

�� ffiffi
2

p
: (A19)

After substituting u0 ¼ u� ¼ 2, we find for the first inte-
gral in (A16)

� 1

2��0 ffiffiffiffiffiffiffi
H2

p log
L

�

Z 1

uL

du

u3=2ðu� 2Þ

¼ i

2��0 log
2 L

�
þ i

3
4 log2� 1ffiffiffi

2
p

��0 log
L

�
; (A20)

while the second integral evaluates to

1

2��0 ffiffiffiffiffiffiffi
H2

p
Z 1

uL

du
�� log�

u3=2ðu� 2Þ

¼ i


4��0 log
2 L

�
þ i


3
4 log2� 1

2 sinh
�1ð1Þffiffiffi

2
p

��0 log
L

�
þ const:

(A21)

Adding the values for these two integrals gives to leading
order

S � ið2þ 
Þ
4��0 log2

L

�
: (A22)

When 
 ¼ �1, the world sheet can be thought of as a
regularized version of the single-cusp AM solution, and
indeed AM obtained the same value of the action using
other regularization schemes. Although the integrals which
arise for this regularization scheme are fairly simple, the
momentum cutoff L we have employed here does not have
a clear interpretation in terms of the four-cusp solution,
which is why we favor the radial cutoff scheme in Secs. IV
and V.
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APPENDIX B: H ¼ 0 AND ATIME-LIKE MASSIVE
CUSP SOLUTION

In this appendix, we will take a closer look at the H ¼ 0
solution, which is the simplest solution of the class de-
scribed in Appendix A. The world sheet has the form

x ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2 þ y20 � y21

q
: (B1)

Unlike the H2 ¼ �1=4 solution, however, the H ¼ 0 so-
lution does not lead to an exponential suppression factor
for the associated scattering amplitude since the world
sheet is timelike instead of spacelike, as is readily seen
by plugging (B1) into the Lagrangian:

L � �

x3
: (B2)

One could obtain a spacelike world sheet by taking � to be
purely imaginary, but then (B1) would not correspond to a
world sheet ending on a lightlike cusp. It would be inter-
esting to find a physical interpretation for the solution with
�2 < 0. We should also point out that when � ¼ 0, (B1) is
no longer a solution.

Despite the fact that (B1) does not seem to have much to
say about scattering amplitudes, it does have the nice
property that, unlike the rest of the solutions parametrized
by H2, one can write down an explicit form for xðy0; y1Þ.
This makes it a nice toy example for testing ideas on how to
obtain new solutions from old ones. For example, one can
obtain a world sheet ending on a massive cusp from (B1).
To see this, first note that (B1) can be generalized to

x ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aþ by0 þ cy1 þ y20 � y21

q
(B3)

by performing translations in the y0 and y1 directions. Now,
it is possible to choose a, b, and c such that (B3) obeys the
boundary condition (2.10) corresponding to a massive cusp
as follows. Before showing this, we will rewrite (2.10) in a
more accessible way.

First, we choose the point of the cusp to be located at
y� ¼ 0 and x ¼ xD7. This implies that we should choose

y
�
0 such that (2.10) becomes

y� ¼ k�

m
ðx� xD7Þ: (B4)

As usual, we set k2 ¼ k3 ¼ 0 so that y2 ¼ y3 ¼ 0. In the
y0=y1 plane, the boundary of the massive cusp is comprised
of two timelike lines which intersect at the origin. These
lines can be obtained by contracting both sides of (B4) with
a vector �� which is orthogonal to k�:

��y� ¼ 0: (B5)

Up to an overall rescaling, the �� associated with the

momentum k� ¼ ðk0; k1Þ has components �� ¼ ðk1; k0Þ.
We can then solve for y0 as a function of y1 on the
boundary:

y0 ¼ �jy1j; (B6)

where we define � � jk0=k1j> 1. We have oriented the
cusp so that it is symmetric under y1 ! �y1, i.e. the
momenta associated with the two lines are k�� ¼
ðk0;�jk1jÞ, and we focus on the cusp in the region y0 �
0. Inverting (B4) and replacing y1 in favor of y0 using (B6),
we obtain

xjbdy ¼ xD7 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2 � 1

p

�
y0: (B7)

This form of the boundary condition is useful because it is
valid on both lines of the boundary.
We are now ready to construct the promised massive

cusp. Returning to (B3) and choosing

a ¼ x2D7; b ¼ �2xD7

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2 � 1

p

�
; c ¼ 0; (B8)

we have

x ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2D7 � 2xD7

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2 � 1

p

�
y0 þ y20 � y21

s
: (B9)

It is easy to check that this satisfies the boundary condition
(B7). Unfortunately, this massive cusp world sheet inherits
the timelike signature of the H ¼ 0 lightlike cusp solution
(B1). Indeed, what we have just seen is that a massive cusp
world sheet can be obtained by appropriately slicing (B1).

APPENDIX C: OPEN STRING SCATTERING IN
FLAT SPACE FOR STRINGS WITH MIXED

BOUNDARY CONDITIONS

In this appendix, we generalize computations of string
scattering amplitudes in flat space [37,38] to the case of
open strings of finite extent. The string world sheet corre-
sponding to the appropriate insertion of vertex operators
given in terms of embedding coordinates is

X� ¼ �i
XN
r¼1

p
�
r

�
lnjz� �rj;

Ym ¼ XN
r¼0

ymr
�

�
arctan

�rþ1 � x

y
� arctan

�r � x

y

�
;

(C1)

where z ¼ xþ iy is a complex coordinate on the upper
half plane. For concreteness we have considered a string
which obeys Neumann boundary conditions in the X�

direction and Dirichlet boundary conditions in the Ym

directions: @yX
�ðz ¼ �zÞ ¼ 0 and Ymðz ¼ �zÞ ¼ ym for x 2

ð�rþ1; �rÞ. In particular, for the 2-2 scattering, we fix the
residual conformal symmetry in the usual manner by
choosing �1 ¼ 0, �2 ¼ �, �3 ¼ 1, �4 ¼ 1, and with �0 ¼
�1. The world sheet action in the conformal gauge is a
function of �,
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S ¼
Z

d2zð@zX�@�zX� þ @zY
m@�zY

mÞ; (C2)

which can be simplified by using

arctan
x

y
¼ i

2
log

���z

z

�
) @z@�z arctan

x

y
¼ 0; (C3)

and

@z@�z lnðz�zÞ ¼ 2��2ðzÞ: (C4)

After integration by parts the string action becomes

S ¼ �
Z
y�0

d2zðX�ð@2x þ @2yÞX� þ Ymð@2x þ @2yÞYmÞ þ
Z 1

�1
dxYm@yYmjz¼�z

¼ �X4
r¼1

X�ðz ¼ urÞpr� þ
Z 1

�1
dxYm@yYmjz¼�z

¼
�
2p1  p2 ln�þ 2p2  p3 lnð1� �Þ þ 2ðp1 þ p2 þ p3Þ  p4 lnRþ X4

r¼1

p2
r ln�

�
þ 2ðy2 � y1Þ  ðy1 � y0Þ ln�

þ 2ðy3 � y2Þ  ðy2 � y1Þ lnð1� �Þ � ðy3 � y0Þ  ðy3 � y0Þ ln ~Rþ ððy1 � y0Þ2 þ ðy2 � y1Þ2 þ ðy3 � y2Þ2Þ ln~�; (C5)

where momentum conservation yields
P

4
r¼1 p

�
r ¼ 0, and

the on-shell condition requires p2
r þ ðyr � yr�1Þ2 ¼ 0. The

actionN andD terms have been regularized by introducing
the R, �, ~R, ~� parameters, with R, ~R 
 1 and �, ~� � 1. If
the string had only one type of boundary condition, these
divergent terms would cancel due to the on-shell condition.
We will ignore these divergent terms in what follows (in
principle, one could add boundary terms to the original
Lagrangian and thus obtain an action which is finite).

The saddle point approximation for the scattering am-
plitude is given by the extremum of expð�Sð�ÞÞ.
Extremizing (C5) we find

� ¼ p̂2  p̂1

p̂2  p̂1 þ p̂3  p̂2

; (C6)

where we have defined

p̂ r ¼ ðp�
r ; ymrþ1 � ymr Þ: (C7)

For the scattering amplitude, the saddle point approxima-
tion validity requires that p̂1  p̂2 and p̂2  p̂3 both be large.
Substituting back into the action, we find that the saddle
point approximation gives the following value for the
scattering amplitude:

A� expð�2p̂1  p̂2 lnðp̂1  p̂2Þ � 2p̂2  p̂3 lnðp̂2  p̂3Þ
þ 2ðp̂1  p̂2 þ p̂2  p̂3Þ lnðp̂1  p̂2 þ p̂2  p̂3ÞÞ: (C8)

We have obtained a natural generalization of the ampli-
tudes computed in [37,38] for strings with Neumann
boundary conditions. Our result is expressed in terms of
‘‘higher-dimensional’’ momenta. If the string obeys
Dirichlet boundary conditions in one dimension, and has
finite extent, the ‘‘extra-dimension’’ momentum compo-
nent accounts for mass terms in the scattering amplitude.
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