Ph 3504

The Scintillation Detector and Gamma Ray
Spectroscopy

Required background reading
Attached are several pages from an appendix on the web for Tipler.

e Read the section on pages 92-93 of the attached reading about “Photons”. This
will briefly refresh your memory about the three ways that photons can lose
energy in matter. All of these three mechanisms result in energetic charged
particles being created. As those charged particles lose energy in a scintillation
detector, some of their energy gets converted to light which is collected in a
photomultiplier detector.

e Read the 2 pages about “Derivation of Compton’s Equation”

Prelab Questions

1. What are the three mechanisms through which photons interact with matter? Give a
one sentence description of each mechanism.

2. Consider a photon of energy E, scattering off a free electron (initially at rest) in
the Compton scattering process. After the scattering process the electron has kinetic
energy. That kinetic energy ranges from a minimum of zero at 6=0 to some maximum at
6 = 180 degrees, where 0 is the scattering angle of the photon. Compute the maximum
kinetic energy transferred to the electron for a photon of energy E,. What is the
numerical value of this kinetic energy for a photon of energy E, = 0.662 MeV?

Introduction

In this experiment you will examine the properties of a device that is a very efficient
detector of gamma rays. You will use it to measure the energies of the gamma rays from
a variety of radioactive sources. The device is also a good detector of energetic charged
particles so you will also use it to measure the rate at which energetic cosmic rays are
passing through the lab.

The device you will use is this lab is called a scintillation counter. The particular
scintillation counter you will use is a small crystal of sodium iodide (Nal) to which a
small amount of thallium has been added. When a gamma ray passes through this
crystal, it can interact through one of the standard three mechanisms — photoelectric
effect, Compton scattering, or pair production (but pair production is only possible if the
gamma energy is greater than 1.022 MeV). All of these processes produce energetic



electrons that produce a large number of ionized atoms as they pass through the crystal.
Most of the secondary electrons produced in this way recombine, generating photons in
the ultraviolet part of the spectrum. This light is absorbed in the crystal. However, with
the thallium impurities present, some of the light photons reaches the thallium centers
producing and excited state of the thallium atom. Then the thallium atoms decay, they
produce blue light. Since the Nal crystal is transparent through the whole visible range,
this blue light is able to escape from the crystal and be detected by a photodetector
described below. An interesting feature of the scintillating crystal is that the number of
thallium centers excited is proportional to the gamma-ray energy. Thus, from an analysis
of the height of the electrical pulse from the photodetector, one may determine the
gamma-ray energy.

The device used to detect the blue light photons created in the Nal crystal is called a
photomultiplier tube. Recall that in the photoelectric effect experiment, you studied the
photoemission of electrons from a surface by absorption of energy from incident
photons. (Also, recall that the photoelectric effect was one of the topics Einstein wrote
about in his three famous papers of 1905, for which we are celebrating the World Year of
Physics this year in 2005!) The photomultiplier has great sensitivity to incident photons.
The basic principle of operation is the following: after photoelectrons are liberated from
the photocathode, they are accelerated toward and intermediate electrode called a
dynode. If the potential difference between cathode and dynode is great enough, each
electron reaches the dynode with enough Kinetic energy to knock off several electrons.
These secondary electrons are then accelerated toward the anode by an additional
potential difference. The arrangement is shown in Figure 1 below. Depending on the
dynode materials and accelerating potential, multiplication factors of 10 or more are
possible.

Figure 1: First stage of a photomultiplier tube. Electrons are accelerated from the photocathode to
the first dynode.



The electron multiplication produced by the dynode can be repeated in several stages by
using several dynodes at successively higher electric potentials. If the multiplication
factor is 4, for example, a single primary electron yields 4 at the first dynode, 42 or 16 at
the second, 4% or 64 at the third, and so on, so that with several dynodes the overall
current multiplication may be very large. With n dynodes and a factor of & per dynode,
the overall multiplication (gain) is 8". The arrangement of the type of photomultiplier
used in this experiment is shown in Figure 2.
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Figure 2: Dynode configuration for a phototube. Electrons, produced at the photocathode, cascade
down through the dynodes and are collected at the anode.

The basic elements of the scintillation counter used in this experiment are sketched in
Figure 3. It consists of the Nal crystal (1.5 inches in diameter by 1 inch thick) which is
optically coupled to a photomultiplier. The light emitted from the scintillator as
energetic radiation passes through it is transmitted to the photomultiplier where it is
converted into a weak current of photoelectrons. This current is then amplified by the
dynode structure of the photomultiplier tube. The resulting current pulse can then be
viewed on the oscilloscope or processed by electronics. In this experiment, your the
pulse height of your pulses will be converted from analog values to digital values using
an analog to digital converter (ADC); the resulting digital words will be stored on the
computer disk and displayed in convenient graphical histograms.
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Figure 3: Diagram of a scintillation counter. The mu-metal shield minimizes the earth’s magnetic
field which can bend the electrons cascading through the dynode chain of the photomultiplier tube.



Equipment

The equipment you will be using is shown in Figure 4. It consists of the following
pieces; please check to be sure you have them all.

e Sealed sodium iodide detector connected to a photomultiplier tube
e ¥ inch thick lead shield that the detector mounts into; this is used for shielding
against background gamma rays from the room walls

Source set with eight sealed radioactive sources - **’Cs, Sr, 24T, ®°Co
A shelf assembly and plastic holder for mounting the sources

UCS20 Universal Computer Spectrometer control unit

Two cables — a coaxial signal cable and a high voltage cable

Figure 4: Experimental equipment for this lab

Procedure

Part 1: Observation of scintillation signals from the Nal crystal on the

oscilloscope

In this experiment, you will be observing several sources that emit gamma rays of
different energies. A summary of the sources you will use and their gamma energies is

shown in Table 1.

Isotope | Gamma energies of interest
¥'cs | 0.662 MeV

®Co |1.173 MeV, 1.333 MeV
*Mn | 0.835 MeV

“Na | 0.511 MeV, 1.275 MeV
®zn | 0.511 MeV, 1.115 MeV

Table 1: Energies of the gamma rays produced from the radioactive sources you will use in this

experiment.



First you will use the oscilloscope to view scintillation signals from the Nal scintillation
detector. Proceed as follows:

1. Locate the ™*'Cs source from your source set; put it in the plastic tray and slide it into
the top shelf in the source holder assembly.

2. Turn on the SPECTECH UCS20 unit using the power switch on the front. Start up the
control software on the computer by navigating to: Programs -> SpecTech -> UCS20.

3. When the program comes up, go to the Settings menu and select “Reset All Variables
to Defaults”.

4. Under the Settings menu, select “Amp/HV/ADC”. Set the high voltage to 800 volts
and select “On”. You should see a red LED light up on the control box indicating the
high voltage is on.

5. Look at the back of the control box. There are two cables plugged in. Select the one
that is plugged into the “PREAMP IN” input; disconnect it and plug it in to Channel 1 of
the oscilloscope.

6. Turn on the oscilloscope. Select “DEFAULT SETUP”. Then make the following
adjustments to the settings:

Trigger menu: Select “NORMAL” and “FALLING”

CH1 menu: Select “probe 1x”

Set the vertical gain to about 50 mV/division and the horizontal gain to about 10
microsecond/division to start with.

7. You should be seeing pulses on the oscilloscope. You will see a wide range of pulse
heights from this source, but you should see a particularly dark band of pulses that
corresponds to the 0.662 MeV gamma ray line of **'Cs. Adjust the trigger level so your
oscilloscope is mainly triggering on that dark band. Notice that this negative going pulse
has a fast “rise-time” and a longer fall time. The fall time is related to the parameters of
the electronic circuit (a simple “RC” circuit that this signal passes through in the
electronics attached to the base of the phototube). The decaying part of the curve is well
described by a pure exponential curve. Determine the amount of time it takes for the
signal to decay to 37% of its peak value and note this value down for later use on your
report. This value is referred to as the “RC time constant”.

8. The peak height of the signal is proportional to the number of amplified
photoelectrons coming from the phototube. As described in the introduction, the
amplification factor increases as the voltage applied to the phototube increases. You will
study that effect now. Prepare a table with two columns — “applied voltage” and “pulse
height”. You will take data on the pulse height of the 0.662 MeV pulse for different
applied voltages. Determine the pulse height for your current high voltage (800 volts)
and make your first entry in the table. Also, take data for applied voltages of 900 V,



1000 V, and 1100 V. As you increase the high voltage you will need to adjust the
vertical gain and trigger level on the oscilloscope.

Part 2: Dependence of the pulse height on applied voltage measured using
the ADC (analog to digital converter)

In this part, you will explore again the dependence of pulse height on applied high
voltage, but you will do it by using the computerized data acquisition setup.

1. Remove the cable from the oscilloscope and plug it back in to the PREAMP IN input
on the back of the control box. Turn the oscilloscope off.

2. Under the Settings menu, select “Amp/HV/ADC”. Change the “coarse gain” from 8
to 1. Set the high voltage back to 800 volts to start with. Leave the other settings as they
are (Fine gain should be set at 1.77; conversion gain set at 1024).

The pulses you saw before on the oscilloscope are sent through electronics in the control
box in front of you. The pulse heights of each individual pulse are “digitized” using an
analog to digital converter that converts the analog pulse heights to a digital “channel”
number ranging from O to 1024. Every time a gamma ray is detected, this conversion
from analog to digital happens. So for each event there is a corresponding channel
number that is proportional to the energy deposited in the scintillation detector during
that event. When you acquire data, the computer keeps track of how many counts there
are in each digital channel and presents the results to you in a histogram form.

3. Put your “'Cs source back near the detector (it is probably still there from the
previous part). Start acquiring a spectrum by clicking the “GO” button on the top of the
program window. You should start to see a histogram fill the screen and update in real
time as more counts are accumulated.

4. Click STOP to stop acquiring data. There are some icons at the top of the screen that
will help you manipulate the spectrum for easier viewing. To adjust the y-axis, there is a
“Y log/lin” button that toggles between linear and log scales. Generally, things are easier
to view on a linear scale, so you should select that. There are also “Y-axis up and down”
controls and “X-axis expand/contract” controls. Adjust these so your spectrum fills the
available plotting space for easy viewing. You will see a spectrum something like that
shown in Figure 5. For now, just concentrate on the peak at the far right of the spectrum.
We will discuss some of the other features later. The peak on the far right is referred to
as the “photopeak” or “full energy peak”. It corresponds to events where all of the
energy of the 0.662 MeV gamma ray is deposited in the scintillation detector.

5. Something you will do a lot of in this lab is to determine the center positions of peaks
like that on the far right of your spectrum. There are a couple ways you can do this. One
is to move the cursor on the screen. You can move it by left clicking on the mouse or by
using the left/right arrow keys. Try it; notice that as you move it the information at the
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Figure 5: Typical histogram for the **'Cs source

bottom of the screen tells which channel you are in and the number of counts in that
channel. Another way to determine the pulse height is by setting a “region of interest”.
To do this select the “Mark the ROI” icon at the top. Then set the cursor and left click
and drag to highlight the region of interest (see Figure 6 for examples). (Note: to clear
any or all regions of interest select the menu item Settings -> ROI -> Clear). Notice that
after you have highlighted the region of interest the Centroid and Gross entries at the
bottom are filled in. The Centroid tells you the channel value of the center of the peak,
while the Gross entry tells you the number of counts in the peak. The FWHM entry tells
you the full width at half-maximum in channels.
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Figure 6: A histogram that shows the spectrum of a combined **’Cs and *Co



6. Use one of the techniques above to determine the centroid of the 0.662 MeV peak at
an applied high voltage of 800 volts. As you saw with the oscilloscope, the peak height
(for a given gamma energy) increases as you increase the applied high voltage. Prepare a
table with columns for “applied high voltage” and “channel number” and put your first
entry in it. Erase the spectrum by using the erase icon and increase the high voltage to
900 volts. Take data again and determine the new position of the 0.662 MeV peak (you
will probably need to readjust the x-axis to see it). Do this for 900V, 1000V, and 1100 V
like you did with the oscilloscope. You will analyze this data for your report to
determine the “gain factor” for your phototube.

Part 3: Energy calibration of the scintillation detector

Notice that your histograms currently have an x-axis labeled in channel number. But (for
a fixed applied voltage), the channel number is linearly proportional to the energy
deposited in the detector. In this part, you will perform an energy calibration for your
detector.In this part, you will perform an energy calibration of your detector.

1. Remove the **'Cs source and replace it with a ®°Co source. Set the applied high
voltage to 900 volts. Accumulate a histogram for this source. You will see two peaks
on the right hand side; they correspond to the 1.173 MeV and 1.333 MeV gamma rays
rays, respectively.

2. Determine the centroid location of the 1.333 MeV gamma ray peak. You should now
adjust the high voltage of your detector until the location of that peak is within + 30
channels of channel 600. To do this you will need to iteratively change the voltage and
take additional spectra (after erasing the previous) one until you achieve the desired
operating high voltage. Once you have determined the desired operating voltage, you
should leave it at this value for the rest of the experiment (except when | ask you to
change it in the last part, part 5).

3. Once you have achieved the desired operating voltage, take a new histogram with the
®Co source. Print out a copy of the spectrum for each partner using the “Peak Report”
icon. For each of the two peaks (1.173 MeV and 1.333 MeV) determine the centroid
channel number and write it on your plot. Be sure to label the plot with the fact that it is
a ®Co source. The channel number of the 1.333 MeV will be one point of your “two-
point” energy calibration.

4. The other point of your energy calibration will come from the peak position of the
137Cs 0.662 MeV peak. Put this source back in, accumulate a spectrum, print it out, and
label it with the source name and the peak position of the 0.662 MeV peak.

5. Now you should have a channel number corresponding to the energy of 0.662 MeV
and a channel number corresponding to the energy of 1.333 MeV. Assuming a linear
relation we can calibrate the system assuming a relation of the form E (MeV) =a + b C,
where a is the intercept, b is the slope, and C is the channel number. The computer will



automatically do this for you if you click on “Settings -> Energy Calibration -> 2 point”.
Choose MeV as the units and input your 2 calibration point.

Part 4: Acquiring spectra for a variety of radioactive sources

Now that you have a calibrated detector, you will accumulate histrograms for several
radioactive sources. Before doing so, refer back to Figure 5 that shows a typical
histogram for the **'Cs source. As explained before, the photopeak corresponds to an
event where all the energy of the 0.662 MeV gamma ray is absorbed in the detector. An
example of this might be a photoelectric event where the 0.662 MeV is completely
absorbed by an atom with the resultant emission of an energetic electron that deposits all
its energy in the detector. But notice that there are many events in the spectrum that
correspond to collecting less than the full 0.662 MeV. A good example of an event of
this type is when the photon Compton scatters off a loosely bound electron in the crystal.
It will give up some (but not all) of its energy to the electron. The energetic electron will
deposit its energy in the crystal, but the reduced energy gamma ray may escape, leading
to a lower energy event. For single Compton scatters the energy transferred to the
electron ranges from 0 MeV up to a maximum value that you computed for your prelab
exercise. That maximum value is referred to as the “Compton edge” and it is seen
labeled in Figure 5. You will determine the energy of the Compton edge for a few
sources and you will analyze those energies for your report.

In the following, you will take spectra for several different sources. In each case you
should print out a “Peak Report” and clearly label it with the source type and any specific
information | indicate below. All of the peak positions should be listed in energy (MeV)
units, not channels. All of the plots should be done on a linear scale except for the one
case where | ask for a log scale.

1. ¥¥'Cs: Label your graph with:
e The centroid position and the value of the FWHM for the 0.662 MeV peak

e The energy corresponding to the position of the Compton edge for the 0.662 MeV
gamma ray

2.%Co: Label your graph with:
e The centroid position of the photopeaks for the 1.173 and 1.333 MeV gamma rays

3.%*Mn: Label your graph with:
e The centroid position of the photopeak for the 0.835 MeV gamma ray
e The energy corresponding to the position of the Compton edge for the 0.835 MeV
gamma ray

4.%Na: Label your graph with:
e The centroid position of the photopeak for the 0.511 MeV and 1.275 MeV gamma
rays
e The energy corresponding to the position of the Compton edges for the 0.511
MeV and 1.275 MeV gamma rays



e Now switch to the log scale for this source; you should see a small peak on the
right hand side of the spectrum. Record the centroid position of it. You will think
about where this peak comes from for your report; maybe you already have some
ideas about what it is.

5. “Mixed source”: Label your graph with (remember to switch back to linear scale!):
e The centroids of any obvious photopeaks and any associated Compton edges.
You will figure out which sources are actually in this mixed source for your
report.

At the conclusion of this part, each partner should have printed out 6 plots for this part (1
for each source plus an extra one for the log scale plot for the ?Na source).

otice that your histograms currently have an x-axis labeled in channel number. But (for a
fixed applied voltage), the channel number is linearly proportional to the energy
deposited in the detector. In this part, you will perform an energy calibration for your
detector.In this part, you will perform an energy calibration of your detector.

Part 5: Measurement of the cosmic ray flux in our lab

Remove all sources from the detector. If you take spectra now, you will still see events
being accumulated at a low rate. Energy deposits less than about 2 MeV can be
accounted for by gamma rays coming from radioactive iostopoes in the building materials
of the walls of the room. But there will also be some events with energies greater than 2
MeV. These are caused by cosmic rays. Cosmic radiation, which originates in either the
galaxy of the solar system, is made up of charged particles and heavy ions with extremely
high Kinetic energies. These particles interact in the atmosphere producing a large
assortment of secondary particles, including pions and muons. Mostly of the cosmic rays
you will observe at sea level are energetic muons with kinetic energies ~ 1000 MeV.
Muons are essentially exactly like electrons, but they are about 200 times heavier. When
they pass through your detector, they deposit a small amount of their energy, but it is
always greater than 2 MeV. So you will determine the cosmic ray flux (in units of
number of particles per unit area per unit time) by counting the number of events that
deposit greater than 2 MeV in a known amount of time.

1. First you need to change your operating high voltage so that the upper end of your
scale (channel 1024) corresponds to about 5 MeV. You can make a good educated guess
of how much you need to lower the voltage bg/ looking at your channel versus voltage
data from earlier in the lab. Use the **'Cs and *°Co sources as you did earlier in the lab to
do a 2 point energy calibration.

2. After you are done with the calibration, set a “Region of Interest” to correspond to the
range 2 MeV — 5 MeV. Select the “PresetTime” icon and set the preset count time to 5

10



minutes (10 minutes is even better if you have enough time). Clear your spectrum of any
data and press the GO button; it will stop automatically after your preset time interval.

3. Before printing out your plot, make sure your region of interest is correctly setto 2 — 5
MeV and make a note of the number of GROSS counts in that interval. This is the
number of cosmic ray events that passed through your detector during that time. You
will convert this to a cosmic ray flux for your report. Print out a copy of the plot for each
partner.

Before leaving the lab, turn off the detector high voltage, close the software and turn the
switch on the control unit to the OFF position.

Report
Include all of the following in your report:
1. Introduction

2. Part 1: Gain of detector measured on oscilloscope: Indicate what you observed as the
RC time constant for the detection circuit. Plot your observed pulse heights versus
applied voltage on a log-log plot (use a computer graphics package or you can use the
log-log paper found on the lab website). The formula P = KV "is a good approximation

to the dependence of the pulse height on applied voltage. When one takes the log of both
sides, you get log(P) =log(K)+nlog(V). So on a log-log plot, your data should appear
linear. Draw an approximate line through your data on the log-log plot (or do a least
squares fit) and determine the slope n. This is the number of dynode amplification stages
for the phototube attached to your detector.

3. Part 2: Pulse height using ADC: Here you should have channel number versus high
voltage. Follow the same analysis in as in step 2, but substitute channel number C for
pulse height P. You should once again obtain a value of n. It should be nearly the same
as the value you got from step 2.

4. Part 3: Energy calibration: List here the channel number and energy for the two points
you used in your calibration.

5. Part 4: Spectra: Include the plots you made for each source asked about in the writeup.
Answer the indicated questions for each source:

a) ¥'Cs:

e Calculate the resolution in % of this detector. It is defined as 100% * (FWHM /
centroid), where FWHM and centroid are the full width at half-maximum and the
centroid of the 0.662 MeV peak.

e What was the measured energy of your Compton edge? Calculate what the
energy of the Compton edge should be for the 0.662 MeV gamma ray (recall the
prelab assignment). How does it compare to your measured value?
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b) *°Co:
e No further analysis required on this plot

c) >*Mn:
e What was the measured energy of your Compton edge? Calculate what the
energy of the Compton edge should be for the 0.835 MeV gamma ray (recall the
prelab assignment). How does it compare to your measured value?

d) **Na:
e What was the measured energy of your Compton edges? Calculate what the
energy of the Compton edge should be for the 0.511 and 1.275 MeV gamma rays
(recall the prelab assignment). How does it compare to your measured values?

e For the plot you made on the log scale, what was the energy of the small peak on
the far right? Explain the origin of this peak.

e) “Mixed source”:

e Based on the observed photopeaks, state what radionuclides you think make
up this mixed source.

6. Measurement of cosmic ray flux: The diameter of the detector you used was 3.8 cm.
Use that information and your measurements to compute the cosmic ray flux (particles
per cm? per minute) at our lab. Compare to the typical value of about 1 cosmic ray per
cm? per minute at sea level.

7. Conclusion
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92 More

Fig. 12-23 Photon interac-
tion cross sections vs. energy
for lead. The total cross sec-
tion is the sum of the cross
sections for the photoelectric
effect, Compton scattering,
and pair production.

copper. (b) At what distance will the neutron intensity drop to one-half its initial

value?

Solution

(a) Using n = 8.47 X 10?8 nuclei/m? for copper, we have

onx = (3.0 X 10728 m?)(8.47 X 102%/m3)(0.10 m) = 0.254

According to Equation 12-22, if we have N, neutrons at x = 0, the number at x =

0.10 mis

N = Noeio-nx = N0€70'254 = 0776N0 12'26

The fraction that penetrates 10 cm is thus 0.776, or 77.6 percent.
(b) For n = 8.47 X 10?® nuclei/m?® and o = 0.3 X 1072 m?, we have from Equation

12-24

In2 _0.693

Xip = 0.3 X 1028 m2)(8.47 X 1028/m3) - 2.54

Photons

m = 0.273m = 27.3cm

The intensity of a photon beam, like that of a neutron beam, decreases exponentially
with distance in an absorbing material. The intensity versus penetration is given by
Equation 12-23, where o is the total cross section for absorption and scattering. The
important processes that remove photons from a beam are the photoelectric effect,
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INTERACTION OF PARTICLES AND MATTER

Compton scattering, and pair production. The total cross section for absorption and
scattering is the sum of the partial cross sections for these three processes: o, O,
0, These partial cross sections and the total cross section are shown as functions of
energy in Figure 12-23. The cross section for the photoelectric effect dominates at
very low energies, but it decreases rapidly with increasing energy. It is proportional to
Z*or Z°, depending on the energy region. If the photon energy is large compared with
the binding energy of the electrons (a few keV), the electrons can be considered to be
free, and Compton scattering is the principal mechanism for the removal of photons
from the beam. The cross section for Compton scattering is proportional to Z. If the
photon energy is greater than 2m,c? = 1.02 MeV, the photon can disappear, with
the creation of an electron-positron pair. This process, called pair production, was
described in Section 2-4. The cross section for pair production increases rapidly with
the photon energy and is the dominant component of the total cross section at high
energies. As was discussed in Section 2-4, pair production cannot occur in free space.
If we consider the reaction y — ¢ + ¢, there is some reference frame in which the
total momentum of the electron-positron pair is zero; however, there is no reference
frame in which the photon’s momentum is zero. Thus, momentum conservation
requires that a nucleus be nearby to absorb momentum by recoil. The cross section for
pair production is proportional to Z? of the absorbing material.
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More

Derivation of Compton’s

Equation

Let \; and \, be the wavelengths of the incident and scattered x rays, respectively, as
shown in Figure 3-21. The corresponding momenta are

and

using fA = c. Since Compton used the K, line of molybdenum (A = 0.0711 nm; see
Figure 3-18b), the energy of the incident x ray (17.4 keV) is much greater than the
binding energy of the valence electrons in the carbon scattering block (about 11 eV);
therefore, the carbon electron can be considered to be free.

Conservation of momentum gives

Pi = P2 T Pe

m 1
Q/Pe=z E*-Ef

E, = h, ) \,/“\¢
C
0

/
IR NNV R NAE | -
~
\]
V

py = h/}“ N

\.\,i—z = hf,
Po = hikg

Fig. 3-21 The scattering of x rays can be treated as a collision of a photon of initial momen-
tum A/\; and a free electron. Using conservation of momentum and energy, the momentum of
the scattered photon i/\, can be related to the initial momentum, the electron mass, and the
scattering angle. The resulting Compton equation for the change in the wavelength of the x ray
is Equation 3-40.

(Continued)
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or

pe=pi+tps—2pp

S 341
= pi+ p3 — 2pip,cos B

where p, is the momentum of the electron after the collision and 6 is the scattering
angle for the photon, measured as shown in Figure 3-21. The energy of the electron
before the collision is simply its rest energy E, = mc? (see Chapter 2). After the col-
lision, the energy of the electron is (E3 + p2c?)'2.
Conservation of energy gives
pic + Ey = pc + (E§ + pec)'”?
Transposing the term p,c and squaring, we obtain
Ej + ¢ (py — p)* + 2cEo(py — po) = E§ + pic?

or

2Ey(py — p2)

pe=pitps—2pppt 3-42

If we eliminate p2 from Equations 3-41 and 3-42, we obtain

E —
o(Plc P2) = pypo(1 — cos 6)

Multiplying each term by hc/p,p,E, and using N = h/p, we obtain Compton’s equation:
he he
AN =N =— (1 —cosh) =— (1 — cosb)
E, mc
or
h

NN = C(l — cos 0) 3-40
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